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Introduction to mathematical morphology

Lattices and information processing

Lattices: core mathematical structure in many information processing
problems.
Examples:

m soft computing (fuzzy sets, bipolar information),
m knowledge representation,

logics,

formal concept analysis,

automated reasoning,

decision making,

image processing and understanding,

information retrieval,
m etc.

Mathematical morphology on complete lattices.
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Introduction to mathematical morphology

Mathematical Morphology for Spatial Information

Matheron (mid-1960's), Serra (1982)

m A theory of space.

m Widely used in image processing and interpretation.

m At different levels (local, regional, structural...).

m For different tasks (filtering, enhancement, segmentation,
interpretation, spatial knowledge modeling...).

Filtering
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Introduction to mathematical morphology

Segmentation
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Introduction to mathematical morphology

Interpretation
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Introduction to mathematical morphology

Knowledge modeling What is the region to the right of R? Is B to the
right of R (and to which degree)?

[ I < Object B

Reference object (R)

Spatial reasoning
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Introduction to mathematical morphology

m Lattice: (7, <) (< partial ordering) such that
V(x,y) € T,3xVy and Ix A y.

m Complete lattice: every family of elements (finite or not) has a
smallest upper bound and a largest lower bound.

m = contains a smallest element 0 and a largest element /:

0=AT=\0andi=\/T=A\0

m Examples of complete lattices:

(P(E),C): complete lattice, Boolean (complemented and distributive)
m functions of R” in R for the partial ordering <:

f<gevVxeR" f(x)<g(x)

partitions

logics (propositional logics, modal logics...)

fuzzy sets, bipolar fuzzy sets

rough sets and fuzzy rough sets

formal concepts

m ...
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Introduction to mathematical morphology
Algebraic dilations and erosions

Heijmans, Ronse (1990)
Complete lattices (7, <), (77, <)

Algebraic dilation: § : T — T’ such that

V(x:) €T, 6(Vixi) = Vid(x;)
Algebraic erosion: ¢ : T — T such that

V(x) € T', e(Nixi) = Nie(xi)

Properties:
m §(0) =0 (in P(E),0 =10)
me(I')=1(in P(E),l = E)
m J increasing, € increasing
= in P(R"), 6(X) = Uxexd({x})
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Introduction to mathematical morphology
Adjunctions

0:T =T ,e:T' =T, (e0) adjunction if:
VxeT,Vy eT, é(x) <y & x<e(y)

Properties:
m6(0)=0 and (') =1
m (£,0) adjunction = ¢ = algebraic erosion and ¢ = algebraic dilation
m ) increasing = algebraic dilation iff 3¢ such that (g, ) is an adjunction
= ¢ = algebraic erosion and ¢(x) = \/{y € T, d(y) <’ x}
¢ increasing = algebraic erosion iff 39 such that (£,0) is an adjunction
= § = algebraic dilation and 6(x) = A{y € T, e(y) > x}
m ) > Id and de < Id’
mcde =cand ded =0
B cded = ed and dede = de
m § and ¢ increasing such that e < Id’ and €6 > Id = (&, ) adjunction
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Introduction to mathematical morphology

Morphological dilations and erosions

m On the lattice of the subsets of R” or Z", with inclusion:
0(X) = Uxexd({x})

® + invariance under translation 5
= 3B, §(X) = D(X,B) = {x, By N X # 0} (with By = x + B).
m B = structuring element (neighborhood, binary relation).
m Same result on the lattice of functions.
m Similar results for erosion: 3B, £(X) = E(X, B) = {x, Bx C X}.

Derived operators: opening, closing, conditional (geodesic) operations,

gradient...
Relaxing the assumption on invariance under translation: structuring

elements varying in space (ex: projective geometry, omnidirectional
images...).
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Introduction to mathematical morphology

Algebraic opening and closing

Algebraic opening: ~ increasing, idempotent and anti-extensive.
Algebraic closing: ¢ increasing, idempotent and extensive.
Examples: v = de and ¢ = d with (e, ) adjunction.
Invariance domain: Inv(p) = {x € T, p(x) = x}.

7 opening = 7(x) = V{y € Inv(7), y < x}.

¢ closing = ¢(x) = A{y € Inv(p), x < y}.

(i) openings = \/; i opening.

(¢i) closings = A; ¢; closing.

71 and 2 openings = equivalence between:
N <72
MR ="Nn=m
Inv(71) C Inv(72)

m Similar result on closings.
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Introduction to mathematical morphology

A simple example

(Illustration: C. Ronse)
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Lattice of fuzzy sets and fuzzy morphology

m Space S (e.g. Z" or R")
m F: set of fuzzy setson S —pe F, u: S — [0,1].

m Partial ordering:

V(pa, p2) € F2 1 < po < Vx € S, pa(x) < pa(x)
(F,<) = complete lattice
A = min
V = max

Algebraic dilation and erosion: as in any complete lattice

I. Bloch (Télécom ParisTech & CNRS) Mathematical Morphology 2014 13 / 55



Fuzzy sets
Morphological operations in the fuzzy case

Operators: t-norm t, t-conorm T, complementation ¢, implication /

derived from T and c, residual implication /g derived from t.
Fuzzy dilation of u by v:

Sy (p)(x) = sup t[v(x — y), u(y)]
y€eS
Fuzzy erosion of p by v:
m by duality:

ev(p)(x) = inf Tle(v(y — x)), u(y)] = inf Iv(y — x), u(y)]
yeSs yesS
m by adjunction:
ev()(x) = inf Ir[v(y — x), u(y)]
yeS
Equivalence for Lukasiewicz operators (up to a bijective permutation on
[0,1]).

Properties: as in classical morphology.
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Fuzzy sets

Structural information: spatial relations

Expression of several spatial relations in terms of morphological operators:

m adjacency

m distance (nearest point distance, Hausdorff distance)
m relative direction

m more complex relations (between, along...)

Two classes of relations:
m well defined in the crisp case

m vague even if objects are well defined
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. I <—— Object B
Reference object (R) K
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Fuzzy sets
Minimum distance density

Binary discrete case:
dy(X,Y)=n&a8"(X)NY £Dand 6" 1(X)NY =10

dy(X,Y)=0&XNY £0

Degree to which the distance between p and y/ is equal to n:

dn(p, 1')(n) = t[ﬁgg ' (x), 3 (1) (X)), C[igg 4 (x), 6, (1) GO

dn(p, 11')(0) = sup tlu(x), 1’ (x)]

Hausdorff distance: similar equations.

I. Bloch (Télécom ParisTech & CNRS) Mathematical Morphology 2014 17 / 55



Fuzzy sets

Fuzzy distance: example

I. Bloch
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Fuzzy sets
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Mathematical Morphology and Logics

Morpho-Logics

Dilations and erosions:

Propositional logics and modal logics, associated complete lattice

[6B(p)] = {w e Q| B.Ag consistent} [eg(¢)] ={w € Q| B, = ¢}

XAY = 5,(X) N 6a(Y)

Dilation

® ¢

5 O

I. Bloch (Télécom ParisTech & CNRS) Mathematical Morphology

Applications: revision, fusion, abduction, mediation, spatial reasoning
(joint work with J. Lang, R. Pino-Perez, C. Uzcategui)
Morphological expression of the max-fusion operator:

with n = min{k : 0x(X) Nox(Y) # 0}

s

Fusion

X
QY

O xay

XAY
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thematical Morphology a
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Mathematical Morphology and Logics

Extension to the fuzzy case

[¢] as a fuzzy set.
Example: Median set (u; = [¢i]):

M(p, p2) = SL;P [0 (111 N p2)s exn (1 U p2)]

.5 o
e &
O oy .4 Models abc —abc a—bc ab—c —a—bc —ab—c a—b-c —a—b—¢
AL @1 0 0 0 0 0 02 0 0
©2 0 0.5 0.5 0.5 0.5 0.8 0.5 0.7
81(p1) 0 0.2 0 0.2 0 0.2 0 0.2
e1(p2) 0 0 0 0 0.5 0.5 0.5 0.5
52(1) 0.2 0.2 0 0.2 0.2 0.2 0.2 0.2
e2(p2) 0 0 0 0 0 0 0 0.5
M(p1, ©2) 0 0 0 0 0 0.2 0 0.2
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Mathematical Morphology and Logics

Other logics

Modal logics

Accessibility relation  Structuring element
O €
<& 0

Description logics
& and € as binary predicates.
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Bipolar fuzzy sets

Information and bipolarity

Positive information vs. negative information.

Consistency: no overlap.

No duality.

(Links with interval-valued fuzzy sets and intuitionistic fuzzy sets.)
Recent work (Dubois, Prade, et al.): fuzzy and possibilistic formalism.

Important in the spatial domain:

m image thresholding and edge detection (Chaira et al., Couto et al.,
Vlachos et al.)

m spatial representations for classification (Charlier et al., Malek)

m mathematical morphology (Bloch, Melange et al.)
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Bipolar fuzzy sets

m Sets P and N with PN N = 0.

m Fuzzy sets pand v in S, with Vx € S, u(x) + v(x) <1 (e.g. degrees
of preferences or constraints).

m Logical formulas ¢ and ¢ with ¢ A9 = L, and the models [¢] and
[1] are sets or fuzzy sets.

m Utility functions, capacities, possibility distributions...

LCN
LFU
tumor
LTH
LLV
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Agent 1:
m prefers to travel in Spain: ¢; = Spain,
m has to stay in Europe: ¢ = —(Belgium \ France \V Spain\/ Portugal \/

Italy V Germany \V TheNetherlands V ...}.

Agent 2:
m prefers to travel in Morocco: ¢ = Morocco,
m has to stay in a Mediterranean country:
1 = =(Morocco V Spain V Italy V Portugal V ...).

= conflict!

= Al
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Bipolar fuzzy sets

m Extending preferences using dilation:
d(¢1) = Spain v France \V/ Portugal \/ Morocco

d(¢2) = Morocco V Algeria \V Portugal \/ Spain

m Introducing the constraints in order to satisfy the consistency
requirements:

¢} = 8(p1) A b1 = Spain V France \V Portugal

@y = 6(ip2) A —th2 = 0(g2)

m Fusion of preferences and constraints: conjunction of the preferences
and disjunction of the constraints

(p,9) = (PL NP5, ¥1Vapr) = (SpainV Portugal, ﬂ(\/ Medit. and Eur. countries)

= Solution for travelling in the set of models of these formulas.
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Bipolar fuzzy sets

Bipolar fuzzy sets

Modeling bipolarity and imprecision
Definition:
L={(a,b)€[0,1]?|a+b<1}

(n,v): 8 —10,1] x [0,1]
Vx e S, pu(x)+r(x) <1
m u: membership function (positive information)

m v: non-membership function (negative information)

m do not necessarily come from the same source of information

(not the same semantics as interval-valued fuzzy sets)
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Bipolar fuzzy sets

Complete lattice structure

Symmetrical role of positive and negative information:
m Pareto partial ordering: (a1, b1) <p (a2, b2) iff a1 < a2 and b; > by
m (£,=p) and (B, =p) = complete lattices
m Standard negation: (v, i)
Giving priority to the negative information:
m Lexicographic ordering <., (total ordering)
B (£, <jex) and (B, <jex) = complete lattices

B negation: reversing the order

Supremum (VP:VIex)' infimum (/\Pv/\lex)
m Smallest element: (0,1), largest element: (1,0)
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Bipolar fuzzy sets
Bipolar fuzzy mathematical morphology

Algebraic definitions: dilation = commutes with the supremum, erosion =
commutes with the infinum.

Using structuring elements:
m /: bipolar implication, C bipolar t-norm.

m Erosion as a bipolar degree of inclusion:
e(uswe) (1)) = N\ 1((18(y = x),v8(y = X)), (1(y), ¥(¥)))
yeSs

m Dilation as a bipolar degree of intersection:

Suse) (1)) = \/ Cl(us(x = y)ve(x = ¥)), (1(y), v(¥)))

yeS
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Bipolar fuzzy sets
Positive information — Negative information

.
)
"

Bipolar fuzzy structuring element
Bipolar fuzzy set

Dilation using lexicographic min

Dilation using Pareto min
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Mathematical morphology and FCA
FCA: Adjunction and Galois connection

Equivalent concepts by reversing the order on one space.

60:A=>B,e:B—>A a:B—ApB:A—=B
d(a) <p b< a<ae(b) a<aa(b) & b<gpp(a)
(& B(a) < b with <z=>p)
increasing operators decreasing operators
efe =¢g,0ed =6 afa =a,Baf =5
€6 = closing, d¢ = opening af and Ba = closings
Inv(gd) = e(B), Inv(de) = 6(A)  Inv(afB) = «(B), Inv(Ba) = B(A)
£(B) = Moore family a(B) and B(A) = Moore families
0(A) = dual Moore family
6 = dilation: (5(\/Aa,') = VB(5(a,-)) a(VBb,-) = /\Aa(b,-)

e = erosion: g(Agb;j) = Na(e(bi)) B(Vaai) = AgB(a;i) (anti-dilation)
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Mathematical morphology and FCA
Fuzzy extension

Belohlavek (1999): fuzzy Galois connection

AT(y) = N(AK) = 1(x.y)), BYx) = A\(B(y) = I(x.))
= equivalent to a fuzzy anti-dilation

Dubois et al. (2007): possibilistic view
XN={y|3xeX,I(xy)}, X"={y|vxI(xy)=xeX}
XA = {y | Vx € X7 I(Xay)}v Xv = {y | dx € )_<,—|I(X,y)}

DL/ Fuzzy DL

-

FCA

Fuzzy FCA
equivalence

Galols corm 7

equivalence to be
developed

adjunction erosion fuzzy erosion
and dilation and dilation
I. Bloch (Télécom ParisTech & CNRS) Mathematical Morphology
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Spatial reasoning

Example: brain imaging
m Linguistic descriptions
direction: the thalamus is below the lateral ventricle
distance: the lateral ventricles are far from the brain surface
adjacency: the thalamus is adjacent to the third ventricle
m symmetry: homologous structures in both hemispheres
m Fuzzy representations
m Attributed hierarchical graph (Colliot et al.) and ontologies (Hudelot
et al.)

LCN
LPU
tumor
LTH
LLV
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Spatial reasoning

Spatial Relation

Topological Relation

Metric Relation

‘ Included ‘ ‘Adjacent‘ _. - . .
‘ Directional Relation ‘ ‘ Distance Relation ‘
[ . | 4
Binary Directional Ternary Directional
Relation Relaton | [ TTTTTTTCTT
A
‘ L -
‘ Right to H Left to ‘ ‘In Front of‘ ‘ Between ‘ ‘ Close to ‘ ‘ Far from ‘

Con |

——» hierarchy relation
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Spatial reasoning

SNt ranat Protegesizieta(filesbaroda/data/imidelot GRARPIEMANIThNetranatppr), GWLRDH

Fle Edi Prgect OWL Code Tools Window Help
Del 4 e dW
( .unmm(mlnm.) .m-lasm .Pmpmnx andmdualx = Farms. AOWL\/\Z’/QKnmkd;TRn Ontoviz |

[Al¥]8ofA[x/H [s][3[\] E]=)[¢]

Asserted model | Inferred model |
CLASS BROWSER

For Froject @ FMAWithNeuranat

Spatial relation
ontology
concepts

Asserted Hierarchy
v ) tasal_ganglion_of_t

» O Claustrum
» @ Clobus_palidus
 MNucleus_sccpm
» @ Putanen
» O Subdivision_fi.
» @ Subdivision_4.
» @ Subivision_
¥ Subdivision_o
¥ Hom_of_neuraxis
» @ Huclear_comples_of ne
¥ Nucleus_of_neuraxis %

g Latera envice > Close_To i Lateral v

Spatial relations
between
anatomical
concepts

[

om

O Caudate_nucleus
€) 3 pLhasSpatialRelation Right_Of_Right_Lateral_ventricle
9 3 pLihasSpatialRelation Close_To_Right_Lateral_ventricle
Brain anatomy 9 3 pLihasSpatialRelation Above_Of_Right_Thalamus

concepts
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Spatial reasoning

Fuzzy mode
Center of

|
|
|
| mass
Spatial Object x | Spatial fuzzy
I
|
|

Ontology

set . —

x in Directional Angle
. | EEE—
Relation I histogram
|
has for fuzzy representation | Force -
—inthe concrete domain —p- | histogram
|
Right f Fuzzy set [
|
|
Right of y > Fuzzy
T
landscape
|

Fuzzy interval
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Spatial reasoning

caudate nucleus

0 distances

w m+20
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Spatial reasoning

Symbolic knowledge Ontology-based segmented image database
Health Pathologi
Generic Knowledge of -_y &
knowledge specific cases cases
Brain anatomy Brain turmor
ontology + ontology Structures
brain structural
description —
Derives from lmpl-lt \Ins‘(le(PtR,GPR) is preserved A
Graph based representation of the generic Learning procedure \
model
| | Step 1: Step 2:
SN . D-0-9‘J]__ learning spatial » learning spatial
f',Q. relations (adjacency, relation for specific
#oley distance, orientation) cases
¥ of the generic modsl « deducing stable
' using healthy cases relations for each
Fuzzy modelihg of __ Adjacent class of pathologies

____p Directional relation|

Distance relation 1 Fuzzy representations and adaptation

spatial relations

Dealing with a specific case’
. Modified relations Graph based
Generic model . propagation process to
adaptation using update the graph and to
knowledge of specific -+ represent the tumor
case _and results of the impact on the Enrichment
learning procedure surrounding structures of the
R or database
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Spatial reasoning

Khotanlou et al., Atif et al.

caudate nw
putamen (3)
tumor (1) tumor (1)
thalamus (2)
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Spatial reasoning

Reasoning in the graph and fusion with saliency information (Fouquier et

al.)

Genere Image to segment

Kmowledge
B ciready segmented
Sali M ) io segment
e ' A priod knowledge
LY

Viznal inform ation
Rezults

2 ! o Saliency
5 5 ’ — ™ Hizstogram
1 : 1 _._ln
Saliency
4 : -—" Histogram
Model | Blte{ed
Graph ! Graph Localization:
I
|

> Evalpation | +———

P z -— Graph
Update
Specialized Graph
Graph : step i+ 1
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Nempont et al.

Spatial reasoning

Initial domains m
Z A

Final segmentation
Metric definition

I. Bloch (Télécom ParisTech & CNRS)

Domains chiained by fhe propagation algerithm.

Constraint propagation

Select 2 constraint
and compnte the
assecisted cperator




Spatial reasoning
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Spatial reasoning
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Spatial reasoning

Remote sensing image understanding

m High resolution satellite image understanding.

m Collaboration with the CNES (PhD of Carolina Vanegas).
m Contributions:
m modeling new spatial relations (surround, parallel, across, aligned...),
m conceptual graphs integrating these relations,
m new fuzzy CSP to deal with fuzzy complex relations and groups of
objects,
m understanding guided by conceptual graphs using FCSP.
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Spatial reasoning

A B H|N(A B) HlN(B, A)
b2 54 0.94 0.55
b3 S5 0.97 0.87
bé4 S5 0.89 0.66
S2 54 0.97 0.97
S4 51 0.87 0.94
Sb S3 0.90 0.95
S3 51 0.78 0.43
bl 54 0.90 0.69
A B 1 n(As B) K n(B:A)
B1 D1 0.94 0.94
B2 D1 0.95 0.95
B1 B2 0.85 0.87




Spatial reasoning
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Spatial reasonin

(a) Example image.

Water Harbour_Structures Ship

Sea Quay  Dock  Jetty Boat

(¢) Concept. hierarchy Te in the context of
harbors.

Bloch (Télécom ParisTech & CNRS)

===~ Sea:Rl

—m=== Boat:R7

_—— BoatiR2

== BoAt:RA
-

=--=-= DockiR5
S=~aship:R3

» )
LSO —== Dock:R6
(b) Labeled image: The blue regions represent the
sea, the red and orange represent ships or boats and
the yellow regions represent the docks.

Boat:R2
Choiacery

(d) Conceptual graph representing the spatial orga-
nization of some elements of Figure 5.8(b).



Spatial reasoning

Using modal logics

Examples (with O = ¢ and & =9):
m tangential part: ¢ — ¥ and O A =) consistent, or
© — 1 and @ A -0 consistent
® non tangential part: G — ¥, or, ¢ — OY
m external connection:
© A1 inconsistent and $p A v consistent (or ¢ A O consistent)

m tangential proper part: tangential part and —¢ A ¢ consistent
(TPP(X,Y)=P(X,Y)AN=P(Y,X)AN=P(6(X),Y))
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Spatial reasoning

Directional information: the RPU is exterior (left on the image) of the
union of RLV and RTH (positive information) and cannot be interior
(negative information).

Distance information: the RPU is quite close to the union of RLV and
RTH (positive information) and cannot be very far (negative information).

m Semantics of left (resp. right): fuzzy structuring element v
(resp.vg).

(1tdir> vair) = (8, (RLV U RTH), 6, (RLV U RTH))
m Semantics of close (resp. far): vc (resp. vr).
(ttaist Vaist) = (6, (RLV U RTH), 1 — 61_,, (RLV U RTH))
m Conjunctive fusion:

(/JfFusiona VFusion) = (min(,ufdira ,deist)v max(ud,-r, Vdist))
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Spatial reasoning

o
P (

K
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Spatial reasoning

Pathological hemisphere: deformations induced by the tumor.

m Semantics of the induced variability: (tyar, Vvar)
m Larger region, including the correct region:

/ /
(:udish Vdist) = 5(/Lvar,1/|,a,)(/‘dista Vdist

K

3 3
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Conlusion

Conclusion
| |
| |
| |
| |
| |
| |
| |
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Algebraic framework of mathematical morphology.

Strong properties.

Local and structural knowledge representation and reasoning.
Applies in different frameworks (logics, fuzzy sets, bipolarity, FCA...).
Towards spatial reasoning.

Towards preference modeling and decision making.

Extension to spatio-temporal reasoning?
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