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Algorithms

Algorithms: for computing Gröbner bases.
Buchberger (1965,1979,1985)

+ First and Second Criteria
F4 using linear algebra (1999) (strategies)
F5 no reduction to zero (2002)

§ Today ÝÑ simple matrix F5 algorithm

Signature-based Gröbner computations (2008-. . . )



F5 algorithm

Goal: avoid useless reduction to 0
generate full rank matrices

Incremental algorithm
pf1q `Gprev

We have to explain: new F5 criterion



F5 an example I

We consider the following example: (b is a parameter):

Sb

$

&

%

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` p7` bq x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

For now we assume that b “ 0
With Buchberger x ą y ą z:

5 useless reductions

5 useful pairs



F5 an example II

We proceed degree by degree.

A2 “

x2 x y y2 x z y z z2

f3 1 18 19 8 5 7
f2 3 7 8 22 11 22
f1 6 12 4 14 9 7

ĂA2 “

x2 x y y2 x z y z z2

f3 1 18 19 8 5 7
f2 1 3 2 4 ´1
f1 1 ´11 ´3 ´5

“new” polynomials f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2 and
f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2



F5 an example III

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` 7x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2

f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2

f2 ÝÑ f4
f1 ÝÑ f5



Degree 3 (first try)

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` 7x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2

f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2

and

f2 ÝÑ f4
f1 ÝÑ f5



Degree 3 (first try)

Already
Done !

f2 ÝÑ f4
f1 ÝÑ f5

A3 :“
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˚

˚

˚

˚

˝

x3 x2y xy2 y3 x2z . . .

zf3 0 0 0 0 1 . . .
yf3 0 1 18 19 0 . . .
xf3 1 18 19 0 8 . . .
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yf2 0 3 7 8 0 . . .
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zf1 0 0 0 0 6 . . .
yf1 0 6 12 4 0 . . .
xf1 6 12 4 0 14 . . .

˛
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Degree 3

A3 :“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

x3 x2y xy2 y3 x2z xyz y2z xz2 yz2 z3

zf3 1 18 19 8 5 7
yf3 1 18 19 0 8 5 0 7 0
xf3 1 18 19 0 8 5 0 7 0 0
zf4 1 3 2 4 22
yf4 1 3 0 2 4 0 22 0
xf4 1 3 0 2 4 0 22 0 0
zf5 1 12 20 18
yf5 1 0 12 20 0 18 0
xf5 1 0 12 20 0 18 0 0
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Degree 3

Ã3 :“
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zf3 1 18 19 8 5 7
zf2 1 3 2 4 22
zf1 1 12 20 18
yf1 1 11 13
xf1 1 18

˛
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‚



Degree 3

Summary: we have constructed 3 new polynomials

f6 “ y3 ` 8 y2z ` xz2 ` 18 yz2 ` 15 z3

f7 “ xz2 ` 11 yz2 ` 13 z3

f8 “ yz2 ` 18 z3

And we have the linear equivalences:

x f2 Ø x f4 Ø f6
f4 ÝÑ f2



Degree 4

The matrix whose rows are

x2fi , x yfi , y2fi , x zfi , y zfi , z2fi , i “ 1,2,3

is not full rank !



Why ? (1)

6ˆ 3 “ 18 rows
x4, x3 y , . . . , y z3, z4 15 columns



Why ? (1)

6ˆ 3 “ 18 rows
x4, x3 y , . . . , y z3, z4 15 columns

Simple linear algebra theorem: 3 useless row (but which ones ?)



Trivial relations

f2 f3 ´ f3 f2 “ 0

can be rewritten

3 x2 f3 ` p7` bq xy f3 ` 8 y2 f3 ` 22 xz f3
`11 yz f3 ` 22 z2 f3 ´ x2 f2 ´ 18 xy f2 ´ 19 y2 f2
´8 xz f2 ´ 5 yz f2 ´ 7 z2 f2 “ 0

We can remove the row x2f2
same way f1f3 ´ f3f1 “ 0 ÝÑ remove x2f1

but f1f2 ´ f2f1 “ 0 ÝÑ remove x2f1 ! ???



Combining trivial relations

0 “ pf2f1 ´ f1f2q ´ 3pf3f1 ´ f1f3q
0 “ pf2 ´ 3f3qf1 ´ f1f2 ` 3f1f3
0 “ f4 f1 ´ f1f2 ` 3f1f3

0 “

´

p1´ bqxy ` 4 yz ` 2 xz ` 3 y2 ´ z2
¯

f1

´p6x2 ` ¨ ¨ ¨ qf2 ` 3p6x2 ` ¨ ¨ ¨ qf3

if b ‰ 1 remove x y f1
if b “ 1 remove y z f1

Need “some” computation



Degree 4 I

y2f1, x zf1, y zf1, z2f1, x yf2, y2f2, x zf2,
y zf2, z2f2, x2f3, x yf3, y2f3, x zf3, y zf3, z2f3

In order to use previous computations (degree 2 and 3):

xf2 Ñ f6 f2 Ñ f4
xf1 Ñ f8 yf1 Ñ f7
f1 Ñ f5

yf7, zf8, zf7, z2f5, yf6, y2f4, zf6, y zf4,
z2f4, x2f3, x yf3, y2f3, x zf3, y zf3, z2f3,



Degree 4 II

A4 :“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 18 19 0 0 8 5 0 0 7 0 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0

1 3 0 0 2 4 0 0 22 0 0 0

1 0 0 0 8 0 1 18 0 15 0

1 18 19 0 8 5 0 7 0 0

1 18 19 0 8 5 0 7 0

1 3 0 2 4 0 22 0

1 0 0 8 1 18 15

1 18 19 8 5 7

1 11 0 13 0

1 12 20 18

1 11 13

1 18

1 3 2 4 22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Degree 4 III

A4 :“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 18 19 0 0 8 5 0 0 7 0 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0

1 3 0 0 2 4 0 0 22 0 0 0

1 0 0 0 8 0 1 18 0 15 0

1 18 19 0 8 5 0 7 0 0

1 18 19 0 8 5 0 7 0

1 3 0 2 4 0 22 0

1 0 0 8 1 18 15

1 18 19 8 5 7
´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´

1 11 0 13 0

1 12 20 18

1 11 13

1 18

1 3 2 4 22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Degree 4 IV

We need to consider only a small sub-matrix:

A14 :“

¨

˚

˚

˚

˚

˝

xyz2 y2z2 xz3 yz3 z4

yf7 1 11 0 13 0
z2f5 1 12 20 18
zf7 1 11 13
zf8 1 18
z2f4 1 3 2 4 22

˛

‹

‹

‹

‹

‚



F5 Criterion : analysis
Example: compute a Gröbner basis of rf1, f2, f3s
Any combination of the trivial relations fi fj “ fj fi can always be written:

upf2f3 ´ f3f2q ` vpf1f3 ´ f3f1q ` wpf2f1 ´ f1f2q “ 0

where u, v ,w are arbitrary polynomials.

pw f2 ´ v f3q f1 ` u f2f3 ´ u f3f2 ` v f1f3 ´ wf1f2 “ 0

pw f2 ´ v f3q f1 ÝÑ 0

(trivial) relation h f1 ` ¨ ¨ ¨ “ 0 Ø h P Idpf2, f3q

F5 Criterion: compute a Gröbner basis G1 of Idpf2, f3q.

Remove row t f1 iff t reducible by LTpG1q

Keep row t f1 iff t not reducible by LTpG1q
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F5 Criterion: compute a Gröbner basis G1 of Idpf2, f3q.

Remove row t f1 iff t reducible by LTpG1q

Keep row t f1 iff t not reducible by LTpG1q



F5 Criterion : analysis
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F5 Criterion : analysis
Example: compute a Gröbner basis of rf1, f2, f3s
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matrix-F5 algorithm

Incremental algorithm
pf1q `Gprev

Incremental degree by degree
Special/Simpler version of F5 for dense/generic quadratic polynomials.
the maximal degree D is a parameter of the algorithm.

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Already computed
Groebner pxf1, . . . , fkyq,dq

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚
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u1f1 1 x x x x . . .
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.

. 0
. . . x x x . . .
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.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨
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˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

???



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚
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.

.

.
.
.
.

.

.

.
.
.
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˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝
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.

.

. . . .
w1xj fk 0 1 x x x . . .
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.
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.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
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.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

???

Remove w1xj`1fk iff
w1xj`1 P LTpxf1, . . . , fk´1yq

LTpGroebner pxf1, . . . , fk´1yq,d ´ 1q



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u1f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

ur1 f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. . . .

vrk´1 fk´1 0 0 1 x x . . .

w1fk 0 0 0 1 x . . .
w2fk 0 0 0 0 1 . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if w1 “ x
α1
1 ¨ ¨ ¨ x

αj
j

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

???

Remove w1xj`1fk iff
w1xj`1 P LTpGroebner pxf1, . . . , fk´1yq,d ´ 1q



(Final) F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d ´ 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u11f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

u1r1
f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. ¨ ¨ ¨

v 1rk´1
fk´1 0 0 0 1 x . . .

w 11fk 0 0 0 0 1 . . .

w 12fk 0 0 0 0 . . . . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Remove w1xj`1fk iff
w1xj`1 P LT pxm1, . . . ,m5, . . .yq



(Final) F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Matrix in degree d ´ 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

m1 m2 m3 m4 m5 . . .

u11f1 1 x x x x . . .

.

.

. 0
. . . x x x . . .

u1r1
f1 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
. ¨ ¨ ¨

v 1rk´1
fk´1 0 0 0 1 x . . .

w 11fk 0 0 0 0 1 . . .

w 12fk 0 0 0 0 . . . . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Matrix in degree d ` 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1 t2 t3 t4 t5 . . .

.

.

. . . .
w1xj fk 0 1 x x x . . .
w1xj`1fk 0 0 1 x x . . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
w1xn fk 0 0 0 1 x . . .

.

.

. . . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Remove w1xj`1fk iff
w1xj`1 P LT pxm1, . . . ,m5, . . .yq



Properties of F5

Theorem
If F “ rf1, . . . , fms is a (semi) regular sequence, then all the matrices
generated by the algorithm have full rank.

Easy to adapt for special cases F2
+ new trivial relation: f 2

i “ fi
Swap the two loops: degree first and the equation by equation
Full version of the algorithm F5 : D is no more a parameter

However, matrix F5 is very easy to implement and efficient for
dense system: for instance HFE Challenge 1 broken

80 dense equations in 80 variables

Buchberger
Maple slimGb Macaulay 2 Singular F4 F5

after 10m 12 17 19 19 22 35

after 2h 14 19 21 21 28 45
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Signature-based Grbner basis computations
To obtain the algorithm F5 we need critical pairs and polynomials.

Linear Algebra Polynomials
Index of a row s P T Signature s of polynomial p

p “
řr

i“1 hi fi and s “ LT phr q

Gauss without pivoting ¨ ¨ ¨

with C. Eder ‘‘A survey on signature-based Grbner basis
computations”: the area of signature-based Grbner basis algorithms is
confusing and vast.
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p “
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computations”: the area of signature-based Grbner basis algorithms is
confusing and vast.



Hilbert function I

Hilbert function of an ideal I : combinatorial and geometric properties
of I.
Intrinsic: does not depend on the chosen generator set [4].

For d P N we define the set
Krx1, . . . , xnsd “ tf P Krx1, . . . , xns | degpf q “ du it is a K vectorial
space of dimension

`n`d´1
d

˘

. If I is an ideal, then
Id “ I XKrx1, . . . , xnsd is also a K vectorial space.

Definition
The Hilbert function of an homogeneous ideal I “ Id pf1, . . . , fmq in de-
gree d is defined by

HFIpdq “ HFpdq “ dimpKrx1, . . . , xns{Iqd “ dimpKrx1, . . . , xnsdq´dimpIdq



Hilbert function II

Theorem (Hilbert)

For some degree d0 there exists a polynomial P such that

HFIpdq “ Ppdq when d ě d0

d0 is the index of regularity; it is denoted by HpIq.
The degree of P is also the dimension of the ideal; it is denoted by
dimpIq.



Hilbert function III
Definition (Hilbert series)
The Hilbert series is the generated series of HFI :

HSIptq “
ÿ

dě0

HFIpdq td

from the Hilbert theorem we deduce that it is a rational function:

HSIptq “
Nptq
p1´ tqd

with Np1q ‰ 0

where d is the dimension of I
and degpIq :“ Np1q is the degree of the ideal I.

Hilbert Series

Generating series: HSptq “
ř8

d“0 rd td , where
rd “ # Cols ´ RankpMacaulaypF,dqq

Finite number of solution: HSptq “
řdreg´1

d“0 rd td



Degree of regularity

Definition
The degree of regularity of an homogeneous ideal I “ xf1, . . . , fmy in the
ring Krx1, . . . , xns is

dreg “ min td ě 0 | dimKptf P I, degpf q “ duq “ Mdpnqu

where Mdpnq :“
`n`d´1

d

˘

is the number of monomials in degree d .

Remark
Consequence: the maximal degree occurring in the computation of a
DRL Gröbner basis is bounded by dreg.
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Definition
The degree of regularity of an homogeneous ideal I “ xf1, . . . , fmy in the
ring Krx1, . . . , xns is

dreg “ min td ě 0 | dimKptf P I, degpf q “ duq “ Mdpnqu

where Mdpnq :“
`n`d´1

d

˘

is the number of monomials in degree d .

Remark
For a non zero-dimensional ideal dreg “ 8

Remark
Consequence: the maximal degree occurring in the computation of a
DRL Gröbner basis is bounded by dreg.
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Degree of regularity
Definition
The degree of regularity of an homogeneous ideal I “ xf1, . . . , fmy in the
ring Krx1, . . . , xns is

dreg “ min td ě 0 | dimKptf P I, degpf q “ duq “ Mdpnqu

where Mdpnq :“
`n`d´1

d

˘

is the number of monomials in degree d .

Remark
Consequence: the maximal degree occurring in the computation of a
DRL Gröbner basis is bounded by dreg.

Theorem
The complexity of computing a DRL Gröbner basis is bounded by:

O
ˆˆ

n ` dreg

dreg

˙ω˙



Examples Hilbert

I “
A

x3, x y , y2
E

in Qrx , ys

then

HSIptq “ t2 ` 2 t ` 1 ñ
"

dimpIq “ 0
degpIq “ 4

I “ xx y , y z, x zy in Qrx , y , zs

then

HSIptq “
2 t ` 1
1´ t

ñ

"

dimpIq “
degpIq “
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Examples Hilbert

I “
A

x3, x y , y2
E

in Qrx , ys

then

HSIptq “ t2 ` 2 t ` 1 ñ
"

dimpIq “ 0
degpIq “ 4

I “ xx y , y z, x zy in Qrx , y , zs

then

HSIptq “
2 t ` 1
1´ t

ñ

"

dimpIq “ 1
degpIq “ 3



Regular sequences (revisited) I

original definition:
Definition
Geometric definition: the homogeneous polynomial system pf1, . . . , fmq
is regular if for all i P t1, . . . ,mu, the dimension of xf1, . . . , fiy est n´ i .
In that case, the sequence pf1, . . . , fmq said regular.

new definition of semi-regularity: Algebraic definition: the homoge-
neous polynomial system pf1, . . . , fmq is regular if for all i “ 1, . . . ,m
and g such that

g ¨ fi P xf1, . . . , fi´1y

then g is also in xf1, . . . , fi´1y.

The non homogeneous system of polynomial equations pf1, . . . , fmq is
regular if pf h

1 , . . . , f
h
mq is regular ( f h

i is the homogenous part of highest
degree of fi ).



Regular sequences (revisited) II

Remark
In other words, one cannot find algebraic relations

ÿ

i

gi ¨ fi “ 0 with gi P Krx1, . . . , xns

except the trivial relations (or combined from the) fi fj “ fj fi .

Remark
From the geometric definition: regular sequences do not exist when
m ą n.Regular sequences are well understood mathematical objects:

We can predict their Hilbert function
the dimension of the corresponding algebraic variety is n ´m.

Theorem
1 pf1, . . . , fmq is regular iff the Hilbert series is:

HSxf1,...,fmypzq “
ÿ

dě0

HFxf1,...,fmypdq zd “

m
ś

i“1
p1´ zdi q

p1´ zqn

2 After a generic linear change of coordinates, the degree of the
polynomials in a DRL Gröbner basis est bounded by the index of
regularity:

Macaulay bound:
m
ÿ

i“1

pdi ´ 1q ` 1

Proof.

For the proof of piq see [7, Theorem 6.6 p. 436]; or [6, p. 137]. The
proof of piiq is given in [8].



Example of generating series

Theorem
n quadratic equations fi over Q then under regularity assumption:

HSptq “ p1` tqn

Consequently, dreg “ n ` 1.

Example
Over Q, n “ m “ 50 quadratic equations

p1` zq50
“ 1` 50 z ` ¨ ¨ ¨ ` z50 ` 0 z51

Hence the maximal degree occurring in the computation is 51 .
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Unifying the Boolean case with the standard case

Describe simultaneously the general case K and the particular case F2
ÝÑ notation: δK,F2 Kronecker ’s symbol is equal to 1 if K “ F2 et 0
else.

If K “ F2 if want to search the solutions in K of the algebraic system
pf1, . . . , fmq, then we need to add to I “ Idpf1, . . . , fmq the field equations
x2

i ´ xi .
In the quotient ring:

F2rx1, . . . , xns “ F2rx1, . . . , xns{xx2
1 ´ x1, . . . , x2

n ´ xny,

any polynomial f of the ideal Idpf1, . . . , fmq is solution of the trivial
equation

f 2 “ f



Boolean case

RK denotes the polynomial ring

RK “ Krx1, . . . , xns if K ‰ F2

and
RF2 “ F2rx1, . . . , xns{xx2

1 , . . . , x
2
n y if K “ F2

(Square free polynomials)
Hence if Mdpnq denotes the number of terms in n variables of degree
d in RK it is easy to see that Mdpnq “

`n`d´1
d

˘

and Mdpnq “
`n

d

˘

if
K “ F2.
Consequently:

8
ÿ

d“0

Mdpnqzd “

ˆ

1´ δK,F2 z2

1´ z

˙n

(1)



Degree of regularity (Boolean/Standard case)

There is no regular sequence when m ą n ÝÑ we need to change the
usual definition of regular sequence by imposing a limit on the degree
of non zero divisors:
Definition (Degree of Regularity)

The degree of regularity of an homogeneous ideal I “ xf1, . . . , fmy in the
ring RK is

dreg “ min td ě 0 | dimKptf P I, degpf q “ duq “ Mdpnqu



Semi-regularity

Definition
Algebraic definition: the homogeneous polynomial system pf1, . . . , fmq is
regular if for all i “ 1, . . . ,m and g such that

g ¨ fi P xf1, . . . , fi´1y

then g is also in xf1, . . . , fi´1y.

Definition
The homogeneous polynomial system pf1, . . . , fmq is semi-regular if for
all i “ 1, . . . ,m and g such that

g ¨ fi P xf1, . . . , fi´1y

then g is also in xf1, . . . , fi´1y if degpg ¨ fiq ď dreg .



Overdetermined systems- Complexity
with M. Bardet, B Salvy

m " n

Goal
Estimate dmax the maximal degree of the polynomials occurring in the
Gröbner basis computation.

Method
We build Ad following step by step the F5 algorithm ÝÑ Ad non
singular matrices ÝÑ number of rows.

Ad “

¨

˝

momoms degree d in x1, . . . , xn

monom pd´ 2q ˆ fi1 . . .
monom pd´ 2q ˆ fi2 . . .
monom pd´ 2q ˆ fi3 . . .

˛

‚



F5 criterion

F5 criterion

Keep t fj is in the matrix if t R IdpLTăpGj´1qq, where Gj´1 is a Gröbner
basis of tf1, . . . , fj´1u.

Ud ,ipnq :“ number of rows in the matrix generated by F5 when
computing a Gröbner basis of rf1, . . . , fi s in degree d .



F5: compute Groebner pxf1, . . . , fkyq,d ` 1q

Already computed
Groebner pxf1, . . . , fkyq,dq

Matrix in degree d

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝
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Induction

When d ě 1 :

Ud`1,ipnq “ i ¨ Md´1pnq
looomooon

number of monomials
degree ď d ´ 1

´

i´1
ÿ

j“1

Ud´1,jpnq
loooooomoooooon

F5 criterion
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When d ě 1 :

Ud`1,ipnq “ i ¨ Md´1pnq
looomooon

number of monomials
degree ď d ´ 1

´

i´1`δK,F2
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j“1

Ud´1,jpnq
loooooooooomoooooooooon
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End of the computation

#col

#row

»

—

–

Matrix
generated

by F5

fi

ffi

fl

+ When hd ,mpnq “ #col ´#row ď 0 this end of the computation !

We can compute explicitly: hd ,mpnq “ Mdpnq ´ hd ,mpnq

and so compute the biggest real root n ą 0 of hd ,mpnq “ 0.
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Example
For quadratic equations, m “ n over F2: using the previous recurrence
relation we can compute explicitly:
U0,ipnq “ U1,ipnq “ 0
U2,ipnq “ i

`n
0

˘

´ 0 “ i

U3,ipnq “ i
`n

1

˘

´
i
ř

j“1
U1,jpnq “ i n

U4,ipnq “ i
`n

2

˘

´
i
ř

j“1
U2,jpnq “ i n pn´1q

2 ´
i
ř

j“1
j “

ipn2´n´i´1q
2

Then:
h3,npnq “ M3pnq ´ U3,npnq

“
`n

3

˘

´ n2

“
npn2´9 n`2q

6

Compute the biggest real root of this polynomial:

h3,npnq“n
´

n ´ 9{2´ 1{2
?

73
¯´

n ´ 9{2` 1{2
?

73
¯
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Example

h3,npnq“n
´

n ´ 9{2´ 1{2
?

73
¯´

n ´ 9{2` 1{2
?

73
¯

the biggest real root is: 9{2` 1{2
?

73 « 8.772 so that N3 “ 9.

So that d ď 3 when then number of variables is n ď 9 and:

d 2 3 4 5 6 7 8 9
Nd 3 9 16 24 32 41 49 58

To read the previous tabular we start from the bottom line:
1 When 3 ď n ă 9 “ N3 then the maximal degree in F5 is 3;

consequently the maximal matrix is of size n3 ˆ n3; the total
complexity cost is thus Opn9q.

2 When N3 “ 9 ď n ă N4 “ 16 the maximal degree is 4 and the
total complexity is bounded by Opn12q.

3 When N4 “ 16 ď n ă N5 “ 24 the maximal degree is 5and the
total complexity is bounded by Opn15q.
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Generating series

Theorem
fi of degree di , i “ 1, . . . ,m finite field Fq then

Hm “
ř8

d“0 hd ,m zd “
m
ś

i“1

´

1´p1´δq zdi

1`δ

¯ ´

1´δ z2

1´z

¯n
with δ “ δK,F2
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Generating series

particular case: di “ 2, F2, n “ m equations

8
ÿ

d“0

hd ,n zd “

ˆ

1` z
1` z2

˙n

Example
F2, n “ m “ 50 quadratic equations

´

1`z
1`z2

¯50
“ 1` 50 z ` 1175 z2 ` 17100 z3 ` 170325 z4 ` 1202510 z5

`5915475 z6 ` 17831400 z7 ` 9196475 z8´205886050 z9

`O
`

z10
˘

Hence the maximal degree occurring in the computation is 9 .



Asymptotic estimate (sketch of the proof)

Biggest real root of

hd ,n “
1

2iπ

ż

C

ˆ

1` z
1` z2

˙n dz
zd`1

dn “ 1
λ0

n ´ λ1

λ
4
3
0

n
1
3 `Op 1

n
1
3
q

dn « n
11.114 ` 1.003 n

1
3 `Op 1

n
1
3
q

where λ0 “ 3{2
?

3` 5{2` 1{2
a

72` 42
?

3 « 11.11360
the expression of λ1 contains the biggest real root of the Airy function
(solution of B

2y
Bz2 ´ zy “ 0)

The formula is almost exact when n ě 3 !



Maximal degree
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Complexity: classification I
k is a constant (does not depend on n).
di total degree of fi .

m Degree dmax
m ď n K,di “ 2 m ` 1 ( Macaulay bound)

m ď n K 1`
n`1
ř

i“1
pdi ´ 1q ( Macaulay bound)

n ` k K,di “ 2 m
2 ´ hk ,1

b

m
2 ` op1q

n ` k K
n`k
ř

i“1

di´1
2 ´ hk ,1

d

n`k
ř

i“1

d2
i ´1
6 ` op1q

2 n K,di “ 2 n
11.6569 ` 1.04 n

1
3 ´ 1.47` 1.71 n´

1
3 `O

´

n´
2
3

¯

k n K,di “ 2 pk ´ 1
2 ´

a

kpk ´ 1qqn ` ´a1

2pkpk´1qq
1
6

n
1
3 `Op1q

n F2,di “ 2 n
11.1360 ` 1.0034 n

1
3 ´ 1.58`Opn´

1
3 q

k n F2,di “ 2
ˆ

´k ` 1
2 `

1
2

b

2kpk ´ 5q ´ 1` 2pk ` 2q
a

kpk ` 2q
˙

n



Classification

Classification: m number of polynomials, n number of variables

Number of Eqs Complexity
m “ cste n exponential

m “ cste n1`β sub exponential
m “ cste n2 polynomial

For instance: if we have m “ α n1`β quadratic equations with β ą 0

dmax «
n1´β

8α



Overdetermined systems
Theorem (Bardet, Faugère, Salvy)

For m “ α n semi-regular quadratic equations (α ą 1) in Qrx1, . . . , xns:

HSptq “
p1´ t2qm

p1´ tqn
and d reg « pα´

1
2
´
a

αpα´ 1qqn

1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

α

d reg{n



Overdetermined systems
Theorem (Bardet, Faugère, Salvy)

For m “ α n semi-regular quadratic equations (α ě 1) in F2rx1, . . . , xns:

HSptq “ p1`tqn

p1`t2qm
and d reg «

˜

´α`
1`

b

2α2´10α´1`2 pα`2q
?
α pα`2q

2

¸

n
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The Boolean case



The Boolean case: problem Statement

Boolean Multivariate Quadratic Polynomial Problem
(Boolean MQ)

Input: pf1, . . . , fmq P F2rx1, . . . , xns
m with

degpfiq “ 2
Question: Find – if any – one z P Fn

2 such that

f1pzq “ ¨ ¨ ¨ “ fmpzq “ 0.

It is an NP-complete problem whose random instances seem
difficult to solve.
Decrease significantly this complexity of 2n is a long-standing
open problem



Related Works

Boolean MQ problem is NP-complete ÝÑ cannot expect to solve it in
sub-exponential time.

Worst case complexity 4 log2pnq2n [Bouillaguet, Chen, Cheng, Chou,
Niederhagen, Yang, Shamir, CHES’10].
Op20.8765 nq [D. Lokshtanov, R. Paturi, S. Tamaki, R. Williams, H. Yu,
SODA’2017], no assumption best complexity bound to solve
Boolean MQ is operations.
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using Gröbner bases: we have n equations / n unknowns over F2

What is the complexity ?
ˆ

n
dreg

˙ω

and dreg «
n

11.11

ln2

ˆ

n
n{β

˙

« p´pβ ´ 1q lnpβ ´ 1q{β ` lnpβqqn{ lnp2q



Related Works
Boolean MQ problem is NP-complete ÝÑ cannot expect to solve it in
sub-exponential time.

Worst case complexity 4 log2pnq2n [Bouillaguet, Chen, Cheng, Chou,
Niederhagen, Yang, Shamir, CHES’10].
Op20.8765 nq [D. Lokshtanov, R. Paturi, S. Tamaki, R. Williams, H. Yu,
SODA’2017], no assumption
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Related Works

Boolean MQ problem is NP-complete ÝÑ cannot expect to solve it in
sub-exponential time.

Worst case complexity 4 log2pnq2n [Bouillaguet, Chen, Cheng, Chou,
Niederhagen, Yang, Shamir, CHES’10].
Op20.8765 nq [D. Lokshtanov, R. Paturi, S. Tamaki, R. Williams, H. Yu,
SODA’2017], no assumption
using Gröbner bases: n equations/unknowns over F2 Op21.04 nq

for very Sparse Equations (sparse “ each equation depends on
` variables), the expected complexity of the Agreeing-Gluing
Algorithm is:

Op20.4157nq when ` “ 6
Op20.1544nq when ` “ 3 .

I. Semaev.
Sparse algebraic equations over finite fields.
SIAM J. Comput., 39(2):388–409, 2009.



Finite Fields
The Boolean case



The Boolean case: problem Statement

Boolean Multivariate Quadratic Polynomial Problem
(Boolean MQ)

Input: pf1, . . . , fmq P F2rx1, . . . , xns
m with

degpfiq “ 2
Question: Find – if any – one z P Fn

2 such that

f1pzq “ ¨ ¨ ¨ “ fmpzq “ 0.

It is an NP-complete problem whose random instances seem
difficult to solve.
Decrease significantly this complexity of 2n was a long-standing
open problem



Main result

+ Algorithm BooleanSolve to solve determined or overdetermined
systems (m “ αn with α ě 1).

Deterministic and Las Vegas variants, depending on the choice of
some linear algebra subroutines

Theorem (Bardet,Faugère,Salvy,Spaenlehauer J.Complexity’12)

m “ n and under some algebraic assumptions, the Boolean MQ
Problem can be solved in:

Op20.841nq using the deterministic variant;
Op20.792nq using the Las Vegas probabilistic variant.

Las Vegas: the result is always correct, but the complexity is a random
variable.



General approach for finite fields

mix efficiently exhaustive search, field equations and Gröbner
bases.
Use complexity results to estimate the complexity.

Simple Idea:
we fix k variables (trade-off.) ÝÑ we increase the ratio #equations

#vars “ m
n´k

The gain obtained by solving overdetermined systems may overcome
the loss due to the exhaustive search on the fixed variables.

overdetermined
systems

exhaustive
search

The goal is to find k the best trade-off



Complexity of the General Hybrid Method

Theorem
rf1, . . . , fms of quadratic equations in n variables. Under assumptions,
when n Ñ8, q Ñ8 and n ą logpqq, asymptotically:

k „ 0.30 nω2

log2pqq2

Chyb „ 2p1.38ω´0.44ω2 log2pqq
´1q n

direct Gröbner basis approach
hybrid approach „ 20.62ω n



Complexity of the General Hybrid Method
Theorem
rf1, . . . , fms of quadratic equations in n variables. Under assumptions,
when n Ñ8, q Ñ8 and n ą logpqq, asymptotically:

Chyb „ 2p1.38ω´0.44ω2 log2pqq
´1q n
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Comparison Solving Methods (fixed q “ 256)

Theoretical complexity (explicit formula).
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ω “ 2.
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Roadmap of the new algorithm over F2
with M Bardet, B Salvy, PJ Spaenlehauer

Instead of applying Gaussian Elimination on several matrices we
want to solve only one linear system.
To solve this linear system: use the Wiedemann algorithm so that
ω “ 2.
Find the new optimal trade-off

The usual strategy is the following:

2

4

6
dreg

several Gaussian eliminations
steps in the algorithm

degree of the polynomials



Idea/Goal of the new algorithm
Use the Wiedemann algorithm so that ω “ 2.
Hide as much as possible the Gröbner basis algorithm to solve
only one linear system.
Combine with exhaustive search

We define a new dwit so that we obtain the final GB in one step:

1
2

4

dwit

Goal: show that dwit « dreg

Solve one (big) linear system

dreg

steps in the algorithm

degree of the polynomials



Algorithm pf1px1, . . . , xnq, ¨ ¨ ¨ , fm)

(0,0)Fix k “ tβnu variables (1,0) (0,1) (1,1)

pf1px1, . . . ,0,0q, ¨ ¨ ¨ , fm) pf1px1, . . . ,1,1q, ¨ ¨ ¨ , fm)¨ ¨ ¨

Theorem (Fusco and Bach, TAMC 2007)

The probability that a ran-
dom polynomial system of
n ` k random equations of
degree d (d ě 2) in n vari-
ables over F2, has no solu-
tion is e´2´k

(asymptotically)
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Instead of solving ÝÑ
test consistency of the
specialized overdetermined systems

Theorem (Fusco and Bach, TAMC 2007)

The probability that a ran-
dom polynomial system of
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Consistency check: Hilbert’s Nullstellensatz over F2

f1, ¨ ¨ ¨ , fm “ 0 has no solution ðñ Find h1, . . . ,hm in F2rx1, . . . , xn´k s

h1 f1 ` ¨ ¨ ¨ ` hm fm “ 1 mod
A

x2
i ´ xi , i “ 1, .., pn ´ kq

E

.

Given a bound dwit on degphiq, the hi can be founded by linear algebra:
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Consistency check: Hilbert’s Nullstellensatz over F2

Macaulay Matrixăpdq “

m1 ¨ ¨ ¨ m`
...

t fi
...

¨

˝ ci,j “ coeffpt fi ,mjq

˛

‚

Columns: squarefree monomials of degree d .
Rows: all products t fi (remove squares) where degptq ď d ´ 2.

Lemma

1 “ Tr1,0, . . .s vector which represent the monomial 1. If the linear
system u ¨M “ 1 has a solution, then f1 “ ¨ ¨ ¨ “ fm “ 0 has no solution.

Proposition

If D “
d
n
ă

1
2

number of columns of M ă 1´D
1´2D

`n
d

˘

number of rows of M ă m D2

p1´2Dqp1´Dq

`n
d

˘

density of M ă n2 1´2D
1´D

`n
d

˘´1
ÝÑ 0.



Solving sparse linear systems

D. Wiedemann.
Solving sparse linear equations over finite fields.
IEEE Transactions on Information Theory, 32(1):54–62, 1986.

E. Kaltofen and B. David Saunders.
On Wiedemann’s method of solving sparse linear systems.
AAECC, p. 29–38, 1991.

G. Villard.
Further analysis of Coppersmith’s block Wiedemann algorithm for the solution of
sparse linear systems.
ISSAC’97, p. 32–39. ACM, 1997.

M. Giesbrecht, A. Lobo, and B. D. Saunders.
Certifying inconsistency of sparse linear systems.
ISSAC’98, p. 113–119, 1998.



Wiedemann : main idea
We want to solve M x “ b where b is a given vector and M is a sparse
n ˆ n matrix. (we assume that detpMq ‰ 0).
The goal is to find a polynomial PpX q “

řd
i“0 piX i with p0 ‰ 0 and

d ď n such that
PpMq.b “ 0

Note that the characteristic (minimal) polynomial of M is a solution.

p0b `
d
ÿ

i“1

piM ib “ 0

so that a solution of M x “ b is x “ ´
řd

i“1
pi
p0

M i´1b
To compute P, we choose a random vector and the sequences

"

v0 “ n and vi “ M vi´1 for i “ 1, . . . , p2 ˚ n ´ 1q
zi “ xvi , ry (scalar product) for i “ 0,1, . . . , p2 ˚ n ´ 1q

We then apply the Berlekamp-Massey algorithm to retrieve a
candidate polynomial P.

Complexity ?



Consistency of singular linear system (Wiedemann)

TestConsistency (Gisbrecht,Lobo,Saunders 98)
Input: Black boxes for x ÞÑ A ¨ x and x ÞÑ TA ¨ x where A P KNˆN

and b P KNˆ1

Output:
(‘‘consistent”,x) with A ¨ x “ b if the system has a
solution
(H “‘‘inconsistent”,u) if the system does not have
a solution, with u ¨ A “ 0 and u ¨ b ‰ 0, certifying
the inconsistency.

Theorem (Gisbrecht,Lobo,Saunders 98)

Algorithm determines the consistency of an N ˆ N matrix
with expected complexity OpN logNqq evaluations of the
black boxes and OpN2 log2 N log logNq additional
operations in F2.



Algorithm : a filtering process
pf1px1, . . . , xnq, ¨ ¨ ¨ , fm)

(0,0)k “ 2 (1,0) (0,1) (1,1)
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TestConsistency u M “ 1

pf1px1, . . . ,1,1q, ¨ ¨ ¨ , fm)
TestConsistency u M “ 1

H H ‘consistent’ H

Apply recursively
the algorithm
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Bounding the Witness Degree

f1, ¨ ¨ ¨ , fm “ 0 has no solution ðñ Find g1, . . . ,gm in F2rx1, . . . , xn´k s

g1 f1 ` ¨ ¨ ¨ ` gm fm “ 1 mod
A

x2
i ´ xi , i “ 1, .., pn ´ kq

E

.

ðñ Find homogeneous h1, . . . ,hm in
F2rx1, . . . , xn´k ,hs

h1 f1 ` ¨ ¨ ¨ ` hm fm “ hdwit mod
A

x2
i ´ xih, i “ 1, .., pn ´ kq

E

.

Proposition

Let F “
`

f1, . . . , fm, x2
1 ´ x1, . . . , x2

n ´ xn
˘

s.t. the system F “ 0 has no
solution. Then, dwit ď dregpIphqq the homogenized ideal

Iphq “
A

f phq1 , . . . , f phqm , x2
1 ´ x1h, . . . , x2

n ´ xnh
E

.

Theorem
Assuming m “ α n. Under some semi-regularity assumption:

HSn,mptq :“
1

1´ t
p1` tqn

p1` t2qm
(Hilbert Series)

dwit „ dreg „

˜

´α`
1`

b

2α2´10α´1`2pα`2q
?
αpα`2q

2

¸

n.
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Complexity: putting all together

Complexity “ 2βn Consistencypn ´ βn vars, αn equationsq

log2 Complexity “ pβ ` 2pβ ´ 1q log2pDDp1´ Dq1´Dqqn

where

D “ ´γ `
1`

b

2γ2´10γ´1`2pγ`2q
?
γpγ`2q

2 and γ “ α
1´β

Remaining task : find 1 ą β ě 0 to minimize the complexity

Theorem (J.Complexity 12)
Under algebraic assumption, a Boolean quadratic polynomial
pf1, . . . , fαnq can be solved in probabilistic time:

Op2p1´0.208αqnq for α ď 1.82 using β “ 1´ 0.55α

If α ą 1.82, the best complexity is achieved for β “ 0.
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