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Secrets:
two n ˆ n invertible matrices S and T with coefficients in F2

sparse univariate polynomial of degree D

HpX q “
ÿ

sPS
csX s

where cs P F2n

and S “ t2i | 0 ď i and i ď Du Y t2i ` 2j | 0 ď i ă j and i ` j ď Du
Particular case: S “ t2i ` 2ju then HpX q is a monomial.



Finite Field Extension

Definition (Finite Field Extension)

The field Fpn where p prime and n ě 1 may be explicitly constructed in
the following way. One first chooses an irreducible polynomial P in
FprX s of degree n (such an irreducible polynomial always exists). Then
the quotient ring Fpn “ FprX s{pPq of the polynomial ring FprX s by the
ideal generated by P is a field of order pn.

In our case: p “ 2, P is of degree n any x P F2n can be written
řn´1

i“0 xi ω
i where xi P F2 (where ω is the class of X in FprX s{pPq).

Example

F4 “ F2rX s{pX 2 ` X ` 1q.



HFE Problem: Public Key
We define the polynomial ring R “ F2rX1, . . . ,Xns and we substitute X
by

řn´1
i“0 Xi ω

i into the HFE polynomial HpX q:

Hp
n´1
ÿ

i“0

Xi ω
iq “

n´1
ÿ

i“0

HipX1, . . . ,Xnqω
i

where each Hi P R is a polynomial of degree 2.
The next step is to mix the variables:

¨

˝

X1
¨ ¨ ¨

Xn

˛

‚“ T ˆ

¨

˝

x1
¨ ¨ ¨

xn

˛

‚

and the equations:
¨

˝

P1
¨ ¨ ¨

Pn

˛

‚“ S ˆ

¨

˝

H1
¨ ¨ ¨

Hn

˛

‚

HFE Public Key

pP1, . . . ,Pnq P Rn is the Public Key.



HFE Problem: Public Key

¨

˝

X1
¨ ¨ ¨

Xn

˛

‚“ T ˆ

¨

˝

x1
¨ ¨ ¨

xn

˛

‚

and the equations:
¨

˝

P1
¨ ¨ ¨

Pn

˛

‚“ S ˆ

¨

˝

H1
¨ ¨ ¨

Hn

˛

‚

In other words, we compose S, H and T :

SpHpT pX qqq “ pP1px1, . . . , xnq, ¨ ¨ ¨ ,Pnpx1, . . . , xnqq



HFE Encrypt/Verify

Encrypt

Assume that M “ pM1, . . . ,Mnq P Fn
2 is then message. Then

¨

˝

C1
¨ ¨ ¨

Cn

˛

‚“

¨

˝

P1pM1, . . . ,Mnq

¨ ¨ ¨

PnpM1, . . . ,Mnq

˛

‚

is the ciphertext.

This operation is very fast since it is just the evaluation of quadratic
polynomials.

Exercice
This operation can be done with linear algebra. Why ?



HFE Decrypt/Sign

Decrypt

Assume that C “ pC1, . . . ,Cnq P Fn
2 is then ciphertext.

To decrypt the ciphertext C, we first find all solutions Z to the
univariate equation

HpZ q “ S´1C,

next we compute T´1Z to recover the original message.

Hence we have to solve a degree D univariate equation.
Find the roots of a polynomial of degree F with coefficients in F2n can
be done (see [5] for instance) in OpMpdq logpdqq operations in F2n

where Mpdq is the cost of polynomial multiplication.
In practice, we cannot take arbitrarily big value for the degree of the
univariate polynomial (say d ď 1024).

HFE Challenge

For instance: n “ 80, d “ 96 for the first HFE Challenge.



Algebraic Attack

The direct attack is obvious: given pM1, . . . ,Mnq we have to solve the
following polynomials system:

$

&

%

P1px1, . . . , xnq “ M1
¨ ¨ ¨

Pnpx1, . . . , xnq “ Mn



Algebraic Attack

pM1, . . . ,Mnq is given.
More precisely since the solutions are to be found in F2 we have to
solve the following system:

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

P1px1, . . . , xnq “ M1
¨ ¨ ¨

Pnpx1, . . . , xnq “ Mn
x2

1 ´ x1
¨ ¨ ¨

x2
n ´ xn

Question

What is the complexity of solving the algebraic system?
What is the complexity of computing the Gröbner basis.



Simple Estimation of the Complexity

From a complexity point of view the two important parameters are: d
the maximal degree occurring in the computation and the size Nd of
the Macaulay matrix in degree d .
Then the whole complexity is simply Nω

d where 2 ď ω ď 3 is the cost of
linear algebra.
Since we add the field equations x2

i ´ xi it means that all the
monomials are squarefree, so that

Nd “

ˆ

n
d

˙

Hence, the main goal is to estimate d .
We begin by running some experiments.



Experimental Complexity

D 16 17 33 96 128 129 257 384 512 513
Max degree 3 4 4 4 4 5 5 5 5 6

Relation between D and the maximal degree.
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Experimental Complexity

n 14 15 16 17 23 24 25 80
degree 4 4 5 5 5 6 6 ?

nb of rows 1695 1379 8840 11424 40480 223124 278875 ?
Maximal degree occurring in Gröbner for random systems.



Experimental Complexity

2 4 6 8 10 12 14 16 18 20 22 24
0

1

2

3

4

5

6

7

n

Maximal Degree

HFE 129
HFE 96

Random Eqs Deg 2



Complexity

20 40 60 80 100 120 140 160 180 200
0

5

10

15

20

25

n

Maximal Degree

Random Eqs Deg 2
Macaulay Bound



F4

F4



Matrix representation of polynomials
Definition

If F “ rf1, . . . , fms is a vector of m polynomials and ă an admissible
ordering, TăpF q “ rt1, . . . , tl s the monomials in the support of F sorted
for ă. The matrix representation of MTăpF qpF q wrt F is:

MpF q “

t1 t2 t3
f1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

f2 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

f3 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

MpF qfi ,tj “ coeff
`

fi , tj
˘

Moreover, MpF q satisfies the following equation:

F “ MpF q ¨ TăpF q



Polynomial representation of a matrix

Definition

If M is a matrix of size l ˆm with coefficients in K and X “ rt1, . . . , tms
is a vector of terms, then the polynomial representation of M wrt X is
the vector of l polynomials given by:

F “ M ¨ X



Example ( Cyclic 4 Problem)
The monomial ordering is DRL

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 0 0 0 1 1 1 1
f3 1 0 1 1 0 1 0

bf4 1 1 1 0 1 0 0



Example ( Cyclic 4 Problem)
The monomial ordering is DRL

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Macaulay matrix

Definition (Macaulay matrix [?])

Let F “ rf1, . . . , fms a vector of m polynomials and d a non negative
integer then the Macaulay matrix in degree d of F Macaulay

d pF q, is the
matrix representation of

F pdq “
“

tj ¨ fi | 1 ď i ď m and tj P T with degptjq ď d ´ degpfiq
‰

Macaulay
d pF q “ MpF pdqq “

m1 m2 m3
t1 f1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

t2 f2 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨



Echelon form of a matrix

The basis operation is to compute a row echelon form of matrix; this
will be the most costly operation.
Definition
If MpF q is the matrix representation of a vector of polynomials F we
denote by ČMpF q the Gaussian elimination of MpF q (without pivoting the
columns of the matrix).

We extend this definition to polynomials:
Definition

Let F Ă Krx1, . . . , xns and ă a monomial ordering. We denote by F̃ the
polynomial representation of ČMpF q. We say that F̃ is the echelon form
of F (or a Gaussiant elimination) wrt ă.



Example

The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Example

The matrix representation of F1 “ rf3,bf4,df4s is:

Ã1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1



Example
The polynomial representation of:

Ã1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1

F̃1 “

»

–

f5 “ ad ` bd ` cd ` d2,

f6 “ ab ` bc ´ bd ´ d2,

f7 “ b2 ` 2 bd ` d2

fi

fl



Macaulay method

The idea of using linear algebra to solve polynomial systems date back
to Macaulay.
Macaulay matrix is a generalization of the Sylvester matrix [?] ( the
matrix involved in the computation of the resultant of 2 polynomials).

The link between the computation of a truncated d-Gröbner basis is
given by the following theorem of Lazard:

Theorem (Lazard)

If F “ tf1, . . . , fmu is a set of homogeneous polynomials then
ČMacaulay
d pF q is a (non reducible) d-Gröbner basis of F .

If F “ tf1, . . . , fmu is a set of polynomials, then there exists d ą 0 such

that ČMacaulay
d pF q is a Gröbner basis of F .



Macaulay bound

Theorem (Macaulay bound)

Let F “ tf1, . . . , fmu is a set of homogeneous polynomials which is a
regular sequence. We define

D “ 1`
m
ÿ

i“1

pdegpfiq ´ 1q

then ČMacaulay
D pF q is a (non reduced) Gröbner basis of F .



Regular sequence I

We consider the Macaulay matrix of F “ rf1, . . . , fms.
If the Macaulay matrix is singular ÐÑ the rows of the matrix are not
independent.
Moreover, each row of the matrix is a product t ˆ f where t is a term
and f P F ; the linear dependence can be expressed by
ř

fPF ,tPT λt ,f t f “ 0 or equivalently by grouping terms:

m
ÿ

i“1

gi fi “ 0 (1)

where gi are polynomials in Krx1, . . . , xns. We say that pg1, . . . ,gmq is a
syzygy. The relation (5) can be rewritten:

g1f1 “ 0 modulo Idpf2, . . . , fmq (2)

in other words it is a zero divisor pif g1 ‰ 0q.



Regular sequence II

A linear system is non singular if one cannot find a non zero linear
combination:

m
ÿ

i“1

λi fi “ 0 with λi P K (3)

For algebraic systems: it is not possible to avoid non zero relations (5) :

fi fj ´ fj fi “ 0 (4)

We say that it is a trivial syzygy.



Regular sequence I
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Regular sequence II

A linear system is non singular if one cannot find a non zero linear
combination:

m
ÿ

i“1

λi fi “ 0 with λi P K (7)

For algebraic systems: it is not possible to avoid non zero relations (5) :

fi fj ´ fj fi “ 0 (8)

We say that it is a trivial syzygy.



Regular sequence III

Definition (Regular Sequence

Algebraic definition: the system pf1, . . . , fmq of homogeneous polynomi-
als is regular if for all i “ 1, . . . ,m and g such that

g ¨ fi P xf1, . . . , fi´1y

then g is also in xf1, . . . , fi´1y.

Geometric definition: the systempf1, . . . , fmq of homogeneous polyno-
mials is regular if for all i P t1, . . . ,mu, the dimension of xf1, . . . , fiy is
n ´ i .
We say that the sequence pf1, . . . , fmq is regular.
The sequence pf1, . . . , fmq of affine polynomials is regular if the se-
quence pf h

1 , . . . , f
h
mq is regular ( f h

i is the highest homogeneous par of
fi ).



Regular sequence IV

Remark
Another characterization of regular sequences: there is no relation

ÿ

i

gi ¨ fi “ 0 with gi P Krx1, . . . , xns

except the relations induced by the trivial syzygies fi fj “ fj fi .

Remark
From the geometric definition: there is no regular sequence when m ą

n.



Link betwen Critical Pairs and Linear Algebra
Characterizations of Gröbner Bases



Characterizations of Gröbner Bases

Useful characterizations of Gröbner bases.
Definition (t-representation)

Let P “ rp1, . . . ,pk s be a finite subset of Krx1, . . . , xns, 0 ‰ f P

Krx1, . . . , xns, and t P T . Assume that there exists pg1, . . . ,gk q P

Krx1, . . . , xns
k such that:

f “
k
ÿ

i“1

gi pi

We say that it is a t´representation of f wrt P if t ě LTpgipiq for all
1 ď i ď k . We denote by f “ OPptq this property.
We note f “ oPptq when there exists t 1 P T such that t 1 ă t and f “
OPpt 1q.



Characterizations of Gröbner Bases

Proposition

If f ,g are polynomials and , t is a term, P a finite subset of
polynomials, then

f “ OPptq g “ OPptq implies f ` g “ OPptq
f “ oPptq g “ oPptq implies f ` g “ oPptq
f “ OPptq u P T implies u f “ OPpu tq
f “ oPptq u P T implies u f “ oPpu tq

Proposition (R)

If REDUCTIONpp,Pq “ 0 or p
˚

ÝÑ 0
P

then p “ OPpLTppqq.

Proof.

Easy exercise.



Characterizations of Gröbner Bases

When f “ OGpLTpf qq we say that f has a standard representation wrt
G.

Theorem
G is a Gröbner basis if and only if @0 ‰ f P IdpGq, f “ OGpLTpf qq.

Proof.

Exercice.

and what happen when

f ‰ OGpLTpf qq ?



Cancellation

f P I “ Id pf1, ¨ ¨ ¨ , fmq

By definition:

f “ g1f1 ` ¨ ¨ ¨ ` gmfm

Not a unique representation !

g1 f1 ¨ ¨ ¨
`g2 f2 ¨ ¨ ¨
`g3 f3 ¨ ¨ ¨
`g4 f4 ¨ ¨ ¨
`g5 f5 ¨ ¨ ¨

...

“ 0 0 ¨ ¨ ¨

Spf1, f2q ?
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Cancellation

f P I “ Id pf1, ¨ ¨ ¨ , fmq
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Characterizations of Gröbner Bases

Theorem
G is a Gröbner basis if and only if @0 ‰ f P IdpGq, f “ OGpLTpf qq.

Theorem
Let G be a finite subset of polynomials. If for all g1,g2 in G, we have
Spolpg1,g2q “ 0 or Spolpg1,g2q “ oGplcmpg1,g2qq, then G is a Gröbner
basis.

Proof.

We need to proof a lemma first . . .



Proof of the theorem: lemma

Lemma
Let f1, . . . , fk be nonzero polynomials in Krx1, . . . , xns and t P T .
Consider f “ OPptq “ Σk

i“1cixαi fi , where ci P K˚ such that

t “ xα1 LT pf1q “ ¨ ¨ ¨ “ xαk LT pfk q.

If LT pf q ă t , then k ą 1 and f can be rewritten:

f “

k´1
ÿ

i“1

bi
t
τ i

Spolpfi , fi`1q with bi P K, (9)

where τ i “ lcmpfi , fi`1q. Furthermore

t
τ i

LT pSpolpfi , fi`1qq ă t , for all i “ 1, . . . , k ´ 1.



Characterizations of Gröbner Bases

Corollary (Buchberger)

Let G be a finite subset of polynomials . G is a Gröbner basis if and
only if Spolpf ,gq ˚

ÝÑ 0 for all pf ,gq P G2.

Corollary (Buchberger)

Let G be a finite subset of polynomials . G is a Gröbner basis if and
only if REDUCTIONpSpolpf ,gq,Gq “ 0 for all pf ,gq P G2.

Proof.

Let pf ,gq P G2, f ‰ g. Put t “ LTpSpolpf ,gqq ă lcmpf ,gq
If REDUCTIONpSpolpf ,gq,Gq “ 0 then from proposition (R) :
Spolpf ,gq “ OGpLTpSpolpf ,gqqq “ OGptq “ oGplcmpf ,gqqand we can
apply the theorem.



Buchberger Algorithm
Very simple version of the Buchberger algorithm:

Algorithm (Buchberger)

Input:
"

F “ rf1, . . . , fss a list of polynomials
ă admissible ordering

Output: G a finite subset of Krx1, . . . , xns.
G :“ F and m :“ s
P :“

 

pfi , fjq | 1 ď i ă j ď m
(

the list of critical pairs
while P ‰ H do

Select and remove from P a critical pair pf ,gq
fm`1 :“ Spolpf ,gq
fm`1 :“REDUCTIONpfm`1,Gq
if fm`1 ‰ 0 then

m :“ m ` 1
P :“ P Y tpfi , fmq | 1 ď i ă mu
G :“ G Y tfmu

return G



F4

F4



The F4 algorithm
Definition

A critical pairs of pfi , fjq is a member of T 2 ˆ Krx1, . . . , xns ˆ T ˆ

Krx1, . . . , xns,
Pairpfi , fjq :“ plcmij , ti , fi , tj , fjq

such that

lcmpPairpfi , fjqq “ lcmij “ LTpti fiq “ LTptj fjq “ lcmpfi , fjq

Definition
We define the degree of the critical pair pi,j “ Pairpfi , fjq, degppi,jq, to be
degplcmi,jq. We define the following operators:

Leftppi,jq :“ ti ¨ fi et Rightppi,jq :“ tj ¨ fj



Algorithm F4 [?] (simplified version)

Input:

$

&

%

F is a finite subset of Krx1, . . . , xns

Sel is a function ListpPairsq Ñ ListpPairsq
such that Selplq ‰ H if l ‰ H

Output: un sous ensemble fini de Krx1, . . . , xns.
G :“ F , F̃`0 :“ F , d :“ 0 and P :“

 

Pairpf ,gq | pf ,gq P G2 with f ‰ g
(

while P ‰ H do
d :“ d ` 1
Pd :“ SelpPq
P :“ PzPd
Ld :“ LeftpPdq Y RightpPdq

F̃`d :“REDUCTIONpLd ,Gq
for h P F̃`d do

P :“ P Y tPairph,gq | g P Gu
G :“ G Y thu

return G



We can now extend the definition of reduction of a polynomial modulo
a subset ofKrx1, . . . , xns, to the reduction of a subset of Krx1, . . . , xns

modulo another subset of Krx1, . . . , xns:

Algorithm REDUCTION

Input: L,G finite subsets of Krx1, . . . , xns

Output: a finite subset of Krx1, . . . , xns (could be empty).
F :“SYMBOLICPREPROCESSINGpL,Gq
rF :“ Gaussian reduction of F wrt ă
F̃` :“

!

f P F̃ |LTpf q R LTpF q
)

// the “useful” part of rF

return F̃`



No arithmetic operation is used: it is a symbolic preprocessing.

Algorithm SYMBOLICPREPROCESSING

Input: L,G finite subsets of Krx1, . . . , xns

Output: a finite subset of Krx1, . . . , xns

F :“ L
Done :“ LTpF q
while TpF q ‰ Done do

choose m an element of TpF qzDone
Done :“ Done Y tmu
if m top réductible modulo G then

exists g P G and m1 P T such that m “ m1 ¨ LTpgq
F :“ F Y tm1 ¨ gu

return F

The SYMBOLICPREPROCESSING function is very efficient: its
complexity is proportional to the size of the output (if #G is smaller
than the final size of T pF q) [parallel implementation].



Lemma (1)

For all polynomials p P Ld ,we have p GYF̃`
ÝÑ 0

Theorem
The F4 algorithm computes a Gröbner basis of G in Krx1, . . . , xns

such that F Ď G and IdpGq “ IdpF q.

Proof.
. . .

Remark
If #Selplq “ 1 for all l ‰ H then the F4 algorithm reduces to the Buch-
berger algorithm. In this case the function Sel is the equivalent of the
selection strategy for the Buchberger algorithm.



Selection function

Algorithm Selection

Input: P a list of critical pairs
Output: a list of critical pairs.
d :“ min tdegplcmppqq | p P Pu
Pd :“ tp P P | degplcmppqq “ du
return Pd

We call this strategy the normal strategy for F4.
Hence, if the input polynomials are homogeneous, we obtain in degree
d , a d Gröbner basis; Sel selects, in the next step, all the critical pairs
which are needed to compute the Gröbner basis in degree d ` 1.



Optimisations

including Buchberger Criteria (or F5 criterion).
reuse all the rows in the reduced matrices.

Algorithm Buchberger Criteria - Implementation

pGnew ,Pnew q :“UPDATEpGold ,Pold ,hq

Input:

$

&

%

a finite subset Gold of Krx1, . . . , xns

a finite subset Pold of critical pairs in Krx1, . . . , xns

0 ‰ h P Krx1, . . . , xns

Output: a finite subset in Krx1, . . . , xns an updated
list of critical pairs.



Algorithm F4 algorithm (with Criteria)

Input:
"

F Ă Krx1, . . . , xns

Sel a function ListpPairsq Ñ ListpPairsq
Output: a finite subset of Krx1, . . . , xns.
G :“ H andP :“ H and d :“ 0
while F ‰ H do
f :“ firstpF q; F :“ Fztf u
pG,Pq :“UPDATEpG,P, f q
while P ‰ H do
d :“ d ` 1
Pd :“ SelpPq; P :“ PzPd
Ld :“ LeftpPdq Y RightpPdq

pF̃`d ,Fdq :“REDUCTIONpLd ,G, pFiqd“1,...,pd´1qq

for h P F̃`d do
P :“ P Y tPairph,gq | g P Gu
pG,Pq :“UPDATEpG,P,hq

return G



F4: step by step

Example (3 quadratic equation in F101)
Monomial ordering is DRL and the normal strategy

F “

»

—

—

—

—

—

—

–

f1 “ x1
2 ` 66 x1 x2 ` 4 x1 x3 ` 25 x2

2 ` 41 x2 x3 ` 54 x3
2 ` 42 x1

`87 x2 ` 22 x3 ` 86,
f2 “ x1

2 ` 22 x1 x2 ` 38 x1 x3 ` 9 x2
2 ` 53 x2 x3 ` 6 x3

2 ` 92 x1
`61 x2 ` 74 x3 ` 49,

f3 “ x1
2 ` 13 x1 x2 ` 86 x1 x3 ` 29 x2

2 ` 11 x2 x3 ` 81 x3
2 ` 98 x1

`67 x2 ` 7 x3 ` 40

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

At the beginning G “ tf1u and P1 “ tPairpf2, f3q,Pairpf1, f2qu such that
L1 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3, f2, f1u T pF1q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

Matrix representation of F1 “ rf3, f2, f1s is:

A1 “ MpF1q “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f3 1 13 29 86 11 81 ¨ ¨ ¨

f2 1 22 26 38 53 6 ¨ ¨ ¨

f1 1 66 25 4 41 54 ¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨

Polynomial representation of ĂA2:



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨

Polynomial representation of ĂA2:

f5 “ x1 x2 ` 12 x1 x3 ` 2 x2 x3 ` 55 x3
2 ` 66 x1 ` 88 x2 ` 60 x3 ` 92,

f6 “ x2
2 ` 28 x1 x3 ` 19 x2 x3 ` 79 x3

2 ` 30 x1 ` 50 x2 ` 59 x3 ` 46



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨

F3 “ rx2 f1, x1 f5, x2 f5, x1 f6, x2 f6, x3 f5, x3 f6, f5, f6, x3 f1, f1s



F4: step by step
Example (3 quadratic equation in F101)

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨

F3 “ rx2 f1, x1 f5, x2 f5, x1 f6, x2 f6, x3 f5, x3 f6, f5, f6, x3 f1, f1s

A3“

f6 1 28 19 79 30 50 59 46
f5 1 0 12 2 55 66 88 60 92
. 1 66 25 4 41 54 42 87 22 86
. 1 28 19 79 0 0 0 30 50 59 0 0 46 0
. 1 0 12 2 55 0 0 0 66 88 60 0 0 92 0
. 1 66 25 4 41 54 0 0 0 42 87 22 0 0 86 0
. 1 0 28 19 0 79 0 0 30 50 0 59 0 0 46 0 0

x2f5 1 0 0 12 2 0 55 0 0 66 88 0 60 0 0 92 0 0
f10 1 0 28 19 0 79 0 0 30 50 0 59 0 0 46 0 0 0

x2f1 1 66 25 0 4 41 0 54 0 0 42 87 0 22 0 0 86 0 0
f8 1 0 0 12 2 0 55 0 0 66 88 0 60 0 0 92 0 0 0

f10 “ x1 x3
2 ` 23 x3

3 ` 77 x1 x3 ` 66 x2 x3 ` 84 x3
2 ` 48 x1 ` 38 x2 ` 44 x3 ` 68

f8 “ x2 x3
2 ` 98 x3

3 ` 60 x1 x3 ` 34 x2 x3 ` 85 x3
2 ` 65 x1 ` 9 x2 ` 74 x3 ` 28



F4: step by step

Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab ,ad ,b2,bc,bd , cdu
ab is already done.



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab , ad ,b2,bc,bd , cdu



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab , ad ,b2,bc,bd , cdu

ad is top reducible by f4 P G !



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad ,b2,bc,bd , cd ,d2u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 ,bc,bd , cd ,d2u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 ,bc,bd , cd ,d2u

b2 is not reducible by G



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 , bc , bd , cd , d2 u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSING pL1,G,H ) returns

F1 “ rf3,bf4,df4s.



Example (Cyclic 4)

Matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Example (Cyclic 4)
Gaussian reduction of A1 is:

ĂA1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1



Example (Cyclic 4)

ĂA1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1

F̃1 “

»

–

f5 “ ad ` bd ` cd ` d2,

f6 “ ab ` bc ´ bd ´ d2,

f7 “ b2 ` 2 bd ` d2

fi

fl



Example (Cyclic 4)

F̃1 “ rf5 “ ad ` bd ` cd ` d2,
f6 “ ab ` bc ´ bd ´ d2,
f7 “ b2 ` 2 bd ` d2s

and since ab,ad P LTpF1q we have
F̃1` “ rf7s
and now G “ tf4, f7u.



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.



Example (Cyclic 4)

L2 “ tp1, f2q, pbc, f4qu et F “ tF1u.
In SYMBOLICPREPROCESSING we can try to simplify the products 1 ¨ f2
and bc ¨ f4 using the previous computations:

For instance LTpbc f4q “ abc “ LTpc f6q and so instead of bc ¨ f4 we can
consider c ¨ f6.



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, c f6u T pF2q “ t abc ,bc2,abd ,acd ,bcd , cd2u



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, cf6u T pF2q “ t abc ,bc2, abd ,acd ,bcd , cd2u



Example (Cyclic 4)

F̃1 “ rf5 “ ad`bd`cd`d2, f6 “ ab`bc´bd´d2, f7 “ b2`2 bd`d2s

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, cf6u T pF2q “ t abc ,bc2, abd ,acd ,bcd , cd2u

abd is reducible by bd f4 but also by b f5 !



Optimisations

including Buchberger Criteria (or F5 criterion).

reuse all the rows in the reduced matrices.
Improve the linear algebra step (dedicated algorithms, matrix
compression, . . . )
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Need to compress the matrices !

(i) Compression bitmap: denote by

j1, j2, j3, . . .

the position of the non zero elements in the matrix, then
ÿ

k

2jk´1

is the corresponding bitmap.
This efficient but the reduction factor is not big (constant factor).



Compress the matrices

(ii) Another idea is to consider the differences (Lempel-Ziv coding):

j1 j2 ´ j1 j3 ´ j2 ¨ ¨ ¨

when the difference jk ´ jk´1 is small (ă 128q, ÝÑ we can use one
byte to store the result.
This method is is more efficient wrt the memory usage and only
slightly slower (10%).



Algorithms

Algorithms: for computing Gröbner bases.
Buchberger (1965,1979,1985)

+ First and Second Criteria
F4 using linear algebra (1999) (strategies)
F5 no reduction to zero (2002)

§ Today ÝÑ simple matrix F5 algorithm

Signature-based Gröbner computations (2008-. . . )



F5 algorithm

Goal: avoid useless reduction to 0
generate full rank matrices

Incremental algorithm
pf1q `Gprev

We have to explain: new F5 criterion



F5 an example I

We consider the following example: (b is a parameter):

Sb

$

&

%

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` p7` bq x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

For now we assume that b “ 0
With Buchberger x ą y ą z:

5 useless reductions

5 useful pairs



F5 an example II

We proceed degree by degree.

A2 “

x2 x y y2 x z y z z2

f3 1 18 19 8 5 7
f2 3 7 8 22 11 22
f1 6 12 4 14 9 7

ĂA2 “

x2 x y y2 x z y z z2

f3 1 18 19 8 5 7
f2 1 3 2 4 ´1
f1 1 ´11 ´3 ´5

“new” polynomials f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2 and
f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2



F5 an example III

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` 7x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2

f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2

f2 ÝÑ f4
f1 ÝÑ f5



Degree 3 (first try)

f3 “ x2 ` 18 xy ` 19 y2 ` 8 xz ` 5 yz ` 7 z2

f2 “ 3 x2 ` 7x y ` 22 x z ` 11 yz ` 22 z2 ` 8 y2

f1 “ 6 x2 ` 12 xy ` 4 y2 ` 14 xz ` 9 yz ` 7 z2

f4 “ xy ` 4 yz ` 2 xz ` 3 y2 ´ z2

f5 “ y2 ´ 11 xz ´ 3 yz ´ 5 z2

and

f2 ÝÑ f4
f1 ÝÑ f5



Degree 3 (first try)

Already
Done !

f2 ÝÑ f4
f1 ÝÑ f5
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zf3 0 0 0 0 1 . . .
yf3 0 1 18 19 0 . . .
xf3 1 18 19 0 8 . . .
zf2 0 0 0 0 3 . . .
yf2 0 3 7 8 0 . . .
xf2 3 7 8 0 22 . . .
zf1 0 0 0 0 6 . . .
yf1 0 6 12 4 0 . . .
xf1 6 12 4 0 14 . . .
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Degree 3
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˚

˝

x3 x2y xy2 y3 x2z xyz y2z xz2 yz2 z3

zf3 1 18 19 8 5 7
yf3 1 18 19 0 8 5 0 7 0
xf3 1 18 19 0 8 5 0 7 0 0
zf4 1 3 2 4 22
yf4 1 3 0 2 4 0 22 0
xf4 1 3 0 2 4 0 22 0 0
zf5 1 12 20 18
yf5 1 0 12 20 0 18 0
xf5 1 0 12 20 0 18 0 0
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Degree 3
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xf3 1 18 19 0 8 5 0 7 0 0
yf3 1 18 19 0 8 5 0 7 0
yf2 1 3 0 2 4 0 22 0
xf2 1 0 0 8 1 18 15
zf3 1 18 19 8 5 7
zf2 1 3 2 4 22
zf1 1 12 20 18
yf1 1 11 13
xf1 1 18
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Degree 3

Summary: we have constructed 3 new polynomials

f6 “ y3 ` 8 y2z ` xz2 ` 18 yz2 ` 15 z3

f7 “ xz2 ` 11 yz2 ` 13 z3

f8 “ yz2 ` 18 z3

And we have the linear equivalences:

x f2 Ø x f4 Ø f6
f4 ÝÑ f2



Degree 4

The matrix whose rows are

x2fi , x yfi , y2fi , x zfi , y zfi , z2fi , i “ 1,2,3

is not full rank !



Why ? (1)

6ˆ 3 “ 18 rows
x4, x3 y , . . . , y z3, z4 15 columns



Why ? (1)

6ˆ 3 “ 18 rows
x4, x3 y , . . . , y z3, z4 15 columns

Simple linear algebra theorem: 3 useless row (but which ones ?)



Trivial relations

f2 f3 ´ f3 f2 “ 0

can be rewritten

3 x2 f3 ` p7` bq xy f3 ` 8 y2 f3 ` 22 xz f3
`11 yz f3 ` 22 z2 f3 ´ x2 f2 ´ 18 xy f2 ´ 19 y2 f2
´8 xz f2 ´ 5 yz f2 ´ 7 z2 f2 “ 0

We can remove the row x2f2
same way f1f3 ´ f3f1 “ 0 ÝÑ remove x2f1

but f1f2 ´ f2f1 “ 0 ÝÑ remove x2f1 ! ???



Combining trivial relations

0 “ pf2f1 ´ f1f2q ´ 3pf3f1 ´ f1f3q
0 “ pf2 ´ 3f3qf1 ´ f1f2 ` 3f1f3
0 “ f4 f1 ´ f1f2 ` 3f1f3

0 “

´

p1´ bqxy ` 4 yz ` 2 xz ` 3 y2 ´ z2
¯

f1

´p6x2 ` ¨ ¨ ¨ qf2 ` 3p6x2 ` ¨ ¨ ¨ qf3

if b ‰ 1 remove x y f1
if b “ 1 remove y z f1

Need “some” computation



Degree 4 I

y2f1, x zf1, y zf1, z2f1, x yf2, y2f2, x zf2,
y zf2, z2f2, x2f3, x yf3, y2f3, x zf3, y zf3, z2f3

In order to use previous computations (degree 2 and 3):

xf2 Ñ f6 f2 Ñ f4
xf1 Ñ f8 yf1 Ñ f7
f1 Ñ f5

yf7, zf8, zf7, z2f5, yf6, y2f4, zf6, y zf4,
z2f4, x2f3, x yf3, y2f3, x zf3, y zf3, z2f3,



Degree 4 II

A4 :“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 18 19 0 0 8 5 0 0 7 0 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0

1 3 0 0 2 4 0 0 22 0 0 0

1 0 0 0 8 0 1 18 0 15 0

1 18 19 0 8 5 0 7 0 0

1 18 19 0 8 5 0 7 0

1 3 0 2 4 0 22 0

1 0 0 8 1 18 15

1 18 19 8 5 7

1 11 0 13 0

1 12 20 18

1 11 13

1 18

1 3 2 4 22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Degree 4 III

A4 :“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 18 19 0 0 8 5 0 0 7 0 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0 0

1 18 19 0 0 8 5 0 0 7 0 0 0

1 3 0 0 2 4 0 0 22 0 0 0

1 0 0 0 8 0 1 18 0 15 0

1 18 19 0 8 5 0 7 0 0

1 18 19 0 8 5 0 7 0

1 3 0 2 4 0 22 0

1 0 0 8 1 18 15

1 18 19 8 5 7
´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´

1 11 0 13 0

1 12 20 18

1 11 13

1 18

1 3 2 4 22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Degree 4 IV

We need to consider only a small sub-matrix:

A14 :“

¨

˚

˚

˚

˚

˝

xyz2 y2z2 xz3 yz3 z4

yf7 1 11 0 13 0
z2f5 1 12 20 18
zf7 1 11 13
zf8 1 18
z2f4 1 3 2 4 22

˛

‹

‹

‹

‹

‚



F5 Criterion : analysis
Example: compute a Gröbner basis of rf1, f2, f3s
Any combination of the trivial relations fi fj “ fj fi can always be written:

upf2f3 ´ f3f2q ` vpf1f3 ´ f3f1q ` wpf2f1 ´ f1f2q “ 0

where u, v ,w are arbitrary polynomials.

pw f2 ´ v f3q f1 ` u f2f3 ´ u f3f2 ` v f1f3 ´ wf1f2 “ 0

pw f2 ´ v f3q f1 ÝÑ 0

(trivial) relation h f1 ` ¨ ¨ ¨ “ 0 Ø h P Idpf2, f3q

F5 Criterion: compute a Gröbner basis G1 of Idpf2, f3q.

Remove row t f1 iff t reducible by LTpG1q

Keep row t f1 iff t not reducible by LTpG1q
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Example: compute a Gröbner basis of rf1, f2, f3s
Any combination of the trivial relations fi fj “ fj fi can always be written:

upf2f3 ´ f3f2q ` vpf1f3 ´ f3f1q ` wpf2f1 ´ f1f2q “ 0

where u, v ,w are arbitrary polynomials.

pw f2 ´ v f3q f1 ` u f2f3 ´ u f3f2 ` v f1f3 ´ wf1f2 “ 0

pw f2 ´ v f3q f1 ÝÑ 0

(trivial) relation h f1 ` ¨ ¨ ¨ “ 0 Ø h P Idpf2, f3q
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