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FGLM: Change of the Ordering



Improve the efficiency

The goal is to speed up the computation of Gröbner basis:
1 obtain some speedup for the direct computation Gröbner basis:

Buchberger, Magma default (F4) or any other algorithm.
2 compute a Gröbner basis in several steps: the lexicographical

ordering is the most useful to compute the solutions but the
computation of Gröbner basis for a total degree ordering is much
faster.

The FGLM algorithm allows us to to use linear algebra to perform a
change of ordering of a Gröbner basis of a zero dimensional ideal.



Need to use several algorithms

Input System

Gröbner Basis: total degree

Gröbner Basis: lexicographical

(Triangular Sets)

Factorization or real roots isolation

Buchberger’s algorithm

FGLM algorithm



Input of the new algorithm
We assume that the ideal I is zero-dimensional and that we know a
linear map:

ϕI :

ˆ

Krx1, . . . , xns ÝÑ Krx1, . . . , xns{I
p ÞÝÑ p

˙

which is a normalForm, that is to say satisfies the following conditions:

ϕIppq “ 0 if and only if p P I
ϕIpp ¨ qq “ ϕIpp ¨ ϕIpqqq “ ϕIpϕIppq ¨ ϕIpqqq
ϕ ˝ ϕ “ ϕ

Example

GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

is a Gröbner basis wrt
then monomial ordering DRL with x2 ą x1. Then

ϕ : p ÞÝÑ NORMALFORMpp,GăDRLq

is a linear map and ker pϕq “ I “ Id pGăDRLq .
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We say that p and q are congruent modulo I, written p ” q, iff
ϕ ppq “ ϕ pqq.

Proposition

Let I Ă Krx1, . . . , xns be an ideal. Then the congruence modulo I is an
equivalence relation on Krx1, . . . , xns.

An equivalence relation on Krx1, . . . , xns partitions Krx1, . . . , xns into a
collection of disjoint subsets called equivalence classes.
For any p P Krx1, . . . , xns, the class of p is the set

p “ tq P Krx1, . . . , xns | ϕ pqq “ ϕ ppqu

Very often, in the following we will identify p and p ! We can define the
following ring operations:

p ` q “ p ` q
p ˆ q “ p ˆ q

This is also a Vector space : Krx1, . . . , xns{ kerpϕq “ Krx1, . . . , xns{I
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Basis of the vector space

Definition (staircase of an ideal)

Let I be an ideal in Krx1, . . . , xns and pG,ăq a Gröbner basis of I, then
we define the staircase of G by

EpGq “ tt P T | t is not reducible byGu sorted wrt ă .

We say that it is the canonical basis (wrt G) of the K-vector space
Krx1, . . . , xns{I.



Zero dimensional ideal

Recall that we have a criterion to determine when a system of
polynomial equations over K has only finitely many solutions:

Theorem
I ideal generated by xf1, . . . , fmy.
G Gröbner basis of I wrt ă
The algebraic variety VKpIq is finite iff

@i P t1, . . . ,nu there exists gi P G such that LTpgiq “ xki
i

or tt P T | t is not reducible by Gu is finite.



Example

GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

a Gröbner basis wrt a
DRL ordering such that x2 ą x1.

EpGq “ tw1 “ 1,w2 “ x1,w3 “ x2,w4 “ x1 x2u

B “ tw1,w2,w3,w4u is a basis of the K-vector space Krx1, . . . , xns{I.

Any polynomial
f “ ´x2

1 ´ x2
2 ` 7 x1 x2

is first reduced wrt GăDRL

NF pf ,GăDRLq “

´ 3 x1 ´ 2 x2 ` 7 x1 x2
“ ´3w2 ´ 2w3 ` 7w4

And so in the canonical basis B the polynomial f can be represented by
the vector :

r0,´3,´2,7s
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Ideal of dimension 0
Definition (staircase of an ideal)

Let I be an ideal in Krx1, . . . , xns and pG,ăq a Gröbner basis of I, then
we define the staircase of G by

EpGq “ tt P T | t is not reducible by Gu sorted wrt ă .

This a canonical basis (wrt G) of the K-vector space Krx1, . . . , xns{I.

Theorem ( criterion to determine when a system of polynomial equations over
K has only finitely many solutions.)

The algebraic variety VKpxf1, . . . , fmyq is finite iff D “ #EpGq ă 8. D is
the number of solution (counting with multiplicities), in the algebraic
closure, of the polynomial system rf1, . . . , fms.

We denote by D “ degpIq “ #EpGq the dimension of the K-vector
space Krx1, . . . , xns{I (this is also the degree of the ideal I).
We assume that:

EpGq “
 

w1 “ 1 ă w2 ă ¨ ¨ ¨ ă wdegpIq
(
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What is the expected number of solutions ?
Theorem ( Bezout’s Bound)

Assume that K is algebraically closed. Let I Ă Krx1, . . . , xns be a
zero-dimensional ideal generated by rf1, . . . , fns then

D “ degpIq ď
n
ź

i“1

degpfiq

For instance for n quadratic equations in n variables the bound is 2n.

Theorem (Fusco and Bach)

The probability that a ran-
dom polynomial system of
n ` k random equations of
degree-d (d ě 2) in n vari-
ables over Fp, has no solu-
tion is e´p´k

(asymptotically)
0 2 4 6 8 10

0

0.37
0.61
0.78

1

k

probability to have no solution

F2F11
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Example

In Qrx1, x2s the list GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

is a
Gröbner basis wrt a DRL ordering such that x2 ą x1 ; we try to compute
a lexicographical (x2 ą x1) Gröbner basis of IdpGq.

staircase: EpGq “ tt P T | t is not reducible by Gu

x1

x2

10

1

2
w1 w2

w3 w4

wi canonical basis of the staircase

x2
2

x2
1

The system has 4 complex roots.



Example

In Qrx1, x2s the list GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

is a
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g1 “ x3 ` ¨ ¨ ¨

g2 “ x y2 ` ¨ ¨ ¨

g3 “ y3 ` ¨ ¨ ¨
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FGLM algorithm
FGLM=Faugère, Giani, Lazard, Mora, JSC, 1994

Algorithm (FGLM [6])

Input: ă2 a monomial ordering and NF a normal form.
Output: reduced Gröbner basis I wrt ă2

where I “ tf P Krx1, . . . , xns | NFpf q “ 0u
L :“ r s // list of next terms to study
S :“ r s // the staircase wrt the new ordering ă2
V :“ rs // V “ NFpSq
G :“ r s, t :“ 1
infinite loop
. . .



Algorithm (FGLM [6])

. . .
infinite loop
v :“ NFptq and s :“ #S is the number of elements in S.
if v P VectK pV q then

we can find pλiq s.t. v “
s
ř

i“1
λi ¨ Vi

G :“ G Y
„

t ´
s
ř

i“1
λi ¨ Si



else
S :“ S Y rts and V :“ V Y rvs
L :“Sort pLYrxi t | i “ 1, . . . ,ns ,ă2q

Sort L by increasing order (wrt ă2) and
remove duplicates and multiple of LTpGq

if L “ H then
return G

t :“ firstpLq and remove t from L.



Compute normalForm using linear algebra

We are working in the K-vector space Krx1, . . . , xns{I using the
canonical basis wrt ă (old ordering: G is a Gröbner basis wrt ă):

EpGq “
 

w1 “ 1 ă w2 ă ¨ ¨ ¨ ă wdegpIq
(

.

If f P Krx1, . . . , xns we can compute NFpf ,Gq P Krx1, . . . , xns{I
using the FULLREDUCTION algorithm but it is difficult to obtain a
precise bound of complexity !

This can be done with linear algebra; more precisely only matrix vector
products.



Border of an ideal

The staircase EpGq is stable under division:

Proposition

If 1 ‰ e P EpGq then for all i such that xi divides e we have e
xi
P EpGq.

We try to estimate the number of elements in G with respect to
degpIq “ D; to this end we define the border of the staircase:

Definition (Border of a Gröbner basis)

let EpGq be the canonical basis of Krx1, . . . , xns {I, then the border of G
is:

FpGq “ txie | e P EpGq, 1 ď i ď n and xi e R EpGqu



Example

GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰
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the DRL ordering with x2 ą x1.
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FpGq “
 

x2
1 , x2

2 , x2
1 x2, x1x2

2

(



Proposition

dim pIq “ 0, pG,ăq a Gröbner basis, then

LTpGq Ă FpGq Ă LTpGq Y
 

xj t 1 | t 1 P FpGq and 1 ď j ď n
(
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w1 w2

w3 w4

Elements in the Gröbner basis
Other elements in the border of the staircase
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x2
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Other elements in the border of the staircase

x2
2

x2
1

x2

x1



Proposition

dim pIq “ 0, pG,ăq a Gröbner basis, then
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Corollary

The number of elements of a
Gröbner basis of a zero-dimensional
ideal I is bounded by n degpIq.



Computing normal Form using linear algebra
We take advantage of the structure of the vector space to compute in
polynomial time the normal forms. When running the FGLM algorithm
we have to compute ϕIptq in the following case:

if t P EpGq we have ϕIptq “ t hence no computation !
if t “ LT pgq for some g P G (g monic) then ϕIptq “ t ´ g
if t P FpGq and t R LT pGq then using the previous proposition we
have t “ xj t 1 and since t 1 ă t we have already computed
p “ ϕIpt 1q and so we have to compute ϕIptq “ ϕIpxi ¨ pq .

Definition (Multiplication by one variable)
For all 1 ď k ď n, consider the following linear map:

φi : f ÞÝÑ ϕIpxi f q

In the canonical basis the matrix representation of φi is the so called
multiplication matrix M of size degpIq ˆ degpIq such that :

Mpkq
i,j “ the coefficient of wi in ϕIpxk wjq
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Example

GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

EpGq “ tw1 “ 1,w2 “ x1,w3 “ x2,w4 “ x1 x2u

We can compute the matrix multiplication by x1 and x2:

Mp1q “

x1 w1 x1 w2 x1 w3 x1 w4
w1 0 -1 0 3
w2 1 1 0 6
w3 0 3 0 -4
w4 0 0 1 1

Mp2q “

x2 w1 x2 w2 x2 w3 x2 w4
w1 0 0 1 -2
w2 0 0 2 3
w3 1 0 -1 6
w4 0 1 0 -1



Kronecker’s delta: δi,j =1 if i “ j else 0 .

Algorithm Matrix multiplication

Initialisation of the matrices
EpGq “

 

w1 “ 1 ă w2 ă ¨ ¨ ¨ ă wdegpIq
(

canonical basis wrt G.
N :“ rs // an array of polynomial indexed by T

// and satisfying that for all t P T : Nrts “ NFpt ,G,ăq
for i from 1 to degpIq do
Nrwi s :“ wi
for each k such that wi “ xk wj do

Mpkq
l,j :“ δl,i for all l P t1, . . . ,nu

F :“
“

xj wi pour j “ 1, . . . ,n, i “ 1, . . . , degpIq
‰

sort F wrt ă, remove duplicates and the elements of EpGq.
. . .



Algorithm (Matrix multiplication)

. . .
sort F wrt ă, remove duplicates and the elements of EpGq.
for t in F do

if t is a strict multiple of some leading term of G then
t “ xj t 1 with t 1 ă t
We have already computed Nrt 1s “

řs
i“1 µiwi with µi P K and ws ă t 1

Nrts “
řs

i“1 µi ColpMpjq, iq “
řdegpIq

i“1 λiwi
for each k such that t “ xk wl for some our un certain l do

Mpkq
i,j :“ λi for all i P t1, . . . ,nu

else
there exists g “ t `

řdegpIq
i“1 λiwi et λi P K P G such that t “ LTpgq

Nrts :“ ´
řdegpIq

i“1 λi wi
for each k such that t “ xk wj for some j do

Mpkq
i,j :“ ´λi for all i P t1, . . . ,nu

return Mpkq // matrix multiplication by xk



Complexity: compute the matrices

Theorem

The previous algorithm computes the matrices Mpkq and the
complexity is bounded by Opn degpIq3q.

Proof.
. . .



Matrix version of FGLM
We need to have a simple linear procedure to detect linear
dependency of vectors in the K-vectorial space Krx1, . . . , xns{I.
The invertible matrix P represents a change of basis between the old
basis

EpGq “
 

w1 “ 1 ă w2 ă ¨ ¨ ¨ ă wdegpIq
(

and the new basis S. That is to say that if S “
“

ε1, . . . , εdegpIq
‰

then at
any step of the algorithm we have:

S “ P ¨ EpGq

At the beginning S “ rw1s, and we compute successively the vectors
v “ ϕpxk wq “ Mpkq ¨ w where v ,w are the vectors wrt the basis EpGq:

v “
degpIq
ÿ

i“1

vi wi



Matrix version of FGLM
At the beginning S “ rw1s, and we compute successively the vectors
v “ ϕpxk wq “ Mpkq ¨ w where v ,w are the vectors wrt the basis EpGq:

v “
degpIq
ÿ

i“1

vi wi

To test linear independence we can simply compute:

λ “ P ¨ v “
degpIq
ÿ

i“1

λi wi

1 if λ#S`1 “ ¨ ¨ ¨ “ λdegpIq “ 0 then v P VectK pSq.
2 if there exist k ą #S such that λk ‰ 0 then ε#S`1 :“ λ is an

independent vector. We compute a matrix P 1 such that:

P 1 ¨ v “T r0, . . . ,0,1,0, . . . ,0s “ ε#s`1



Updating the Change of Basis Matrix

Algorithm (UPDATE Update the Change of Basis
Marix)

Input: s P N, a vector λ and matrix P
Output: a new matrix P 1

k :“ min tj ą s such that λj ‰ 0u
for j from 1 to degpIq do
α :“

Pj,k
Pk,k

,Pj,k :“ Ps`1,j ,Ps`1,j :“ α

if α ‰ 0 then
for i from 1 to degpIq such that i ‰ s ` 1 do

Pi,j :“ Pi,j ´ αλi
return P



Algorithm Matrix-FGLM

Input: ă new monomial ordering, Mpkq multiplication matrices
S :“ r1s, V :“ rw1s, G :“ r s, t :“ pn,1q
L :“ r pi ,1q, i “ 1, . . . , pn ´ 1qs // pi , jq equivalent to xi S rjs
P :“ IdegpIq change of basis matrix betwen the new basis S and EpGq
infinite loop

s :“ #S number of elements in S.
t “ pk , lq: we compute v “ Mpkq ¨ Vl and λ “ P ¨ v
if λs`1 “ ¨ ¨ ¨ “ λdegpIq “ 0 then

G :“ G Y
„

xkSl ´
s
ř

i“1
λi ¨ Si



else
P :“UPDATEps, λ,Pq
S :“ S Y rxkSl s and V :“ V Y rvs
L :“ SortpLY rpi , sq | i “ 1, . . . ,ns ,ăq
Sort L wrt ă2 and remove duplicates and multiple of LTpGq
if L “ H then return G
t :“ firstpLq and removes t from L



Example

n “ 2 and GăDRL “
“

x2
1 ´ 3 x2 ´ x1 ` 1, x2

2 ´ 2 x1 ` x2 ´ 1
‰

EpGq “ tw1 “ 1,w2 “ x1,w3 “ x2,w4 “ x1 x2u

Lexicographical ordering with x2 ą x1.
Multiplication matrices by x1 and x2:

Mp1q “

x1 w1 x1 w2 x1 w3 x1 w4
w1 0 -1 0 3
w2 1 1 0 6
w3 0 3 0 -4
w4 0 0 1 1

Mp2q “

x2 w1 x2 w2 x2 w3 x2 w4
w1 0 0 1 -2
w2 0 0 2 3
w3 1 0 -1 6
w4 0 1 0 -1

L :“ rp2,1qs,S :“ r1s,V :“ rw1s,G :“ r s , t :“ p1,1q represent the
monomial x1 ¨ S1 “ x1,P :“ I4



Example

Step 1: Since t “ p1,1q, we compute v :“ Mp1q ¨ V1 “ Mp1q ¨ 1 “ w2
and λ “ P ¨ v “ w2 “

T r0,1,0,0s
Hence λ2 ‰ 0, S :“ r1, x1s, V :“ rw1,w2s and the matrix P is left
unchanged.
We update L: L :“ rp1,2q, p2,1q, p2,2qs.



Example

Step 2: Since t “ p1,2q, we compute v :“ Mp1q ¨ V2 “ Mp1q ¨ w2 “
T

r´1,1,3,0s
and λ “ P ¨ v “T r´1,1,3,0s :“ V3

since λ3 ‰ 0, S :“ r1, x1, x2
1 s, V :“ rw1,w2,

T r´1,1,3,0ss, then

P :“

»

—

—

–

1 0 1{3 0
0 1 ´1{3 0
0 0 1{3 0
0 0 0 1

fi

ffi

ffi

fl

We update L : L :“ rp1,3q, p2,1q, p2,2q, p2,3qs.



Example

Step 3: t “ p1,3q. We compute v :“ Mp1q ¨V3 “ Mp1q ¨T r´1,1,3,0s “T

r´1,0,3,3s
and

λ “ P ¨ v “T r0,´1,1,3s

Since λ4 ‰ 0, S :“ r1, x1, x2
1 , x

3
1 s, V :“ rw1,w2,V3,

T r´1,0,3,3ss, and
then

P :“

»

—

—

–

1 0 1{3 0
0 1 ´1{3 1{3
0 0 1{3 ´1{3
0 0 0 1{3

fi

ffi

ffi

fl

We update L :“ rp1,4q, p2,1q, p2,2q, p2,3q, p2,4qs.



Example

Step 4: t “ p1,4q. We compute v :“ Mp1q ¨V4 “ Mp1q ¨T r´1,0,3,3s “T

r9,17,´12,6s
then λ “ P ¨ v “T r5,23,´6,2s
since λ5 “ 0, we find a polynomial G :“ rx4

1 ´ 2 x3
1 ` 6 x2

1 ´ 23 x1 ´ 5s
and now L :“ rp2,1q, p2,2q, p2,3q, p2,4qs.



Example

Step 5: t “ p2,1q. We compute v :“ Mp2q ¨ V1 “ Mp2q ¨ w1 “ w3
and λ “ P ¨ w3 “

T
“1

3 ,
´1
3 ,

1
3 ,0

‰

since λ5 “ 0, G :“ rx4
1 ´ 2 x3

1 ` 6 x2
1 ´ 23 x1 ´ 5, x2 ´

1
3x2

1 `
1
3x1 ´

1
3 s,

by removing multiples of LTpG2q “ x2, we obtain L :“ rs
and the FGLM algorithm stops.



Theorem
The complexity (number of operations in K) of the FGLM and the
matrix FGLM algorithms is bounded by Opn degpIq3q. Moreover, the
result is a Gröbner basis.

Proof.
. . .

Remark
Let V be the algebraic variety associated to the ideal xf1, . . . , fmy in n
variables. When the system has a finite number of solutions:

1 We can compute Ppxnq the smallest polynomial in a
lexicographical Gröbner basis as the minimal polynomial P of the
matrix Mpnq .

2 The projection of V on Krxns is thus the eigenvectors of the
matrices Mpnq.



Theorem
The complexity (number of operations in K) of the FGLM and the
matrix FGLM algorithms is bounded by Opn degpIq3q. Moreover, the
result is a Gröbner basis.

Proof.
. . .

Remark
Let V be the algebraic variety associated to the ideal xf1, . . . , fmy in n
variables. When the system has a finite number of solutions:

1 We can compute Ppxnq the smallest polynomial in a
lexicographical Gröbner basis as the minimal polynomial P of the
matrix Mpnq .

2 The projection of V on Krxns is thus the eigenvectors of the
matrices Mpnq.



Application of polynomial system solving: Algebraic Crypto

Evaluate the security of existing cryptosystems.

• Investigating the security of extensively used cryptographic
standards – such as AES, SHA, RSA and new post-quantum crypto
systems – against the most powerful attacks is a permanent
concern.

• Any progress in the cryptanalysis of such standards could have a
huge impact, from a scientific and also economical point of view.

• General methods have been proposed: linear cryptanalysis,
differential cryptanalysis, . . .

+ describe another general method : Algebraic Cryptanalysis .
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Algebraic cryptanalysis

In this talk ÝÑ another general method: Algebraic Cryptanalysis

Principle

Model a cryptosystem as a set of algebraic equations
Try to solve this system (or estimate the difficulty of solving it)



Algebraic Cryptanalysis: model

Very simple idea:
1 Model a cryptosystem as a set of algebraic of equations:

S

$

&

%

f1 px1, . . . , xnq “ 0
¨ ¨ ¨

fm px1, . . . , xnq “ 0

where all the fi P Krx1, . . . , xns and K is a finite field (for instance
K “F2).



Algebraic Cryptanalysis: solving

2 Evaluate the difficulty of solving the corresponding algebraic
system S.

VK “
 

z “ pz1, . . . , znq P Kn | f1pzq “ ¨ ¨ ¨ “ fm pzq “ 0
(

ÝÑ General Method: new criteria to evaluate the security.



Approach

Difficulties

Model a cryptosystem as a set of
algebraic of equations
“universal” approach
(PoSSo is NP-Hard) )
several models are possible !!!
Solving

§ Minimize the number of
variables/degree

§ Maximize the number of
equations

Specificity

Solving algebraic systems :

Huge systems
Sparse/structured
systems
Try to predict
accurately the
complexity of
computing Gröbner
basis for particular
instances.

Tool
Gröbner Bases computations:
Algorithms + Complexity



Crypto example: AES

A Zero-Dimensional Gröbner Basis for AES-128
Buchmann, J. and Pyshkin, A. and Weinmann, R.-P.
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Fast FGLM
joint work with C. Mou

Fast FGLM: High Performance Algorithm
and Implementation



Fast FGLM - Problem
with C. Mou

Input System

Gröbner Basis: total degree

Gröbner Basis: lexicographical

Bottleneck!
FGLM: « minimal polynomial
of some matrix

Buchberger
F4{F5 rely on linear
algebra

Magma MinRank(9,7,4) MinRank(9,8,5) Random(14, 2) Random(15, 2)
D 4116 14112 214 215

Step 1 208.1s 3343.5s 7832.4s 74862.9s
Step 2 1360.4s ą1 day 84374.6s ą15 days

Goal: a faster algorithm for the change of ordering
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Key observation 1
with C. Mou

T1, . . . ,Tn are sparse, especially T1.

T1 for Random(3, 10): 1000ˆ 1000, 6.86%

Ti ˆ v “ NormalFormpxi ˆ vq

DLP

Edwards
Cyclic10

MinRank

(9,9,6)

D 4096 34940 41580

Sparsity 3.4% 1.0% 16%

Random(3, 14) Random(3, 40)

D 2744 64000

Sparsity 4.2% 1.6%
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T1, . . . ,Tn are sparse, especially T1.

T1 for Random(3, 10): 1000ˆ 1000, 6.86%

Ti ˆ v “ NormalFormpxi ˆ vq

DLP

Edwards
Cyclic10

MinRank

(9,9,6)

D 4096 34940 41580

Sparsity 3.4% 1.0% 16%

Random(3, 14) Random(3, 40)

D 2744 64000

Sparsity 4.2% 1.6%

Theorem (Faugère,Mou)

n is fixed. For generic polynomial systems of

degree d:

% of nonzero entries „
dÑ8

d

6
π

1

d n
1
2



Key observation 2
The cost of a matrix/vector multiplication T ˆ v is #T ! D2

Any polynomial
ř

s csxs in the Gröbner basis is a minimal relation:
ÿ

s
csT s1

1 ¨ ¨ ¨T sn
n 1 “ 0.

Define a n-dimensional mapping E : Zn
ě0 ÝÑ K as

Ψ : ps1, . . . , snq ÞÝÑ xT s1
1 ¨ ¨ ¨T sn

n 1, ry r random vector.

Find minimal recurrence relation of Ψ ù can be found using BMS
(Berlekamp-Massey-Sakata from Coding Theory)
Multi-dimensional generalization of Berlekamp–Massey algorithm

[Sakata 1988 & 1990; Saints and Heegard 2002]

Recent results:
Linear Algebra for Computing Gröbner Bases
of Linear Recursive Multidimensional Sequences, [Berthomieu, F. 2015]

A Polynomial-Division-based Algorithm for Computing Linear
Recurrence Relations, [Berthomieu, F. 2018]
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Easy case: Shape position case

Assume that I is in shape position:

Shape position [Becker, Mora, Marinari, and Traverso 1994]

Ideal I Ă Krx1, . . . , xns is in shape position if its Gröbner basis w.r.t.
LEX (x1 ă ¨ ¨ ¨ ă xn) is of the form

rf1px1q, x2 ´ f2px1q, . . . , xn ´ fnpx1qs.

Recover f1: Wiedemann algorithm

Construct s “
“

xr ,T i
11y : i “ 0, . . . ,2 D ´ 1

‰

, with r a random vector
ó

Compute f̃1 from s via Berlekamp–Massey algorithm
ó

Check degpf̃1q “ D

ù shape position
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Shape position case
Recover f2, . . . , fn: constructing linear equations

NormalFormpxi ´
řD´1

k“0 ci,kxk
1 q “ 0

ó

Ti1 “
řD´1

k“0 ci,k ¨ T k
1 1

ó

T j
1Ti1 “

řD´1
k“0 ci,k ¨ T

j
1T k

1 1
ó

xr ,T j
1Ti1y “

řD´1
k“0 ci,k ¨ xr ,T

k`j
1 1y, j “ 0, . . . ,D ´ 1

ó

xT 1jr ,Ti1y “
řD´1

k“0 ci,k ¨ xT 1k`jr ,1y, j “ 0, . . . ,D ´ 1

where T 1 “ T t
1 is the transpose matrix

We compute only one time the sequence of vectors

v0 “ r ,v1 “ T 1r ,v2 “ T 12r , . . . ,v2D´1 “ T 12D´1r using
v i`1 “ T 1 ˆ v i

so that s “
“

xr ,T i
11y “ xT 1ir ,1y “ xv i ,1y : i “ 0, . . . ,2 D ´ 1

‰
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where T 1 “ T t
1 is the transpose matrix

We compute only one time the sequence of vectors

v0 “ r ,v1 “ T 1r ,v2 “ T 12r , . . . ,v2D´1 “ T 12D´1r using
v i`1 “ T 1 ˆ v i

so that s “
“

xr ,T i
11y “ xT 1ir ,1y “ xv i ,1y : i “ 0, . . . ,2 D ´ 1

‰



Shape position case

Solve: H ci “ b with ci “
t rci,0, . . . , ci,D´1s

H “

»

—

—

—
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xv0,1y xv1,1y ¨ ¨ ¨ xvD´1,1y
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...
...

. . .
...

xvD´1,1y xvD ,1y ¨ ¨ ¨ xv2D´2,1y

fi

ffi

ffi

ffi

fl

Matrix H is a Hankel matrix:

Its construction is free
It is invertible: relationship between linear recurring sequences
and Hankel matrices [Jonckheere and Ma 1989]

Solving efficiently H x “ b: complexity OpD log2pDqq [Brent, Gustavson,

and Yun 1980].

Construction of xpT t
1q

jr ,Ti1y is also free: v is also free.
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Shape position case

Total complexity for ideals in shape position

OpDpN1 ` n log2pDqqq: N1 “ #T 1 “ #T1 the number of nonzero
entries in T1

compared with OpnD3q for FGLM
computing the minimal polynomial of T1.



General Algorithm

Overview Preparation Algorithm Experiments Conclusions Shape Position Case General Case Main Algorithm

Main Algorithm

Input: T1, . . . , Tn

Construct the linearly
recurring sequence s

Compute f̃ with BM

deg(f̃) = D?

Yes No

Recover f2, . . . , fn Compute F with BMS

F = G2?
Yes No

Compute G2 with FGLM

End

End

EndDeterministic algorithm



Efficient Implementation

Preliminary implementation of the BMS-based method for the
general case in Magma.
Shape position case: first has been implemented in C over fields
of characteristic 0 and finite fields.
We report also a new SSE/multicore implementation.



SSE 4.1 dotproduct fast implementation
16 bits implementation - Intel

Main operation: y :“ T1x

The matrix vector product is equivalent to compute several dot
products:

xx,yy “
D
ÿ

i“1

xiyi mod p

lazy reduction: we compute the modulo p only at the end
using 128 bits registers xmm0-15 that is to say 8 16bits words.
Using SSE instructions we can perform 8 16-bits multiplications
simultaneously !
unrolling the loop we perform 32 multiplications in one loop.



Multi-core implementation

Two parallel versions:
Using Openmp
Using pthreads

+ have to rewrite the generation of the matrix T1 !

Comparing original C-code (Issac 2011) and the new code:

D % Magma Singular New New+SSE
Katsura 12 4096 21.2% 1408s 2623.5s 18.1s 0.73s



Multi-core implementation

Two parallel versions:
Using Openmp
Using pthreads

+ have to rewrite the generation of the matrix T1 !

Comparing original C-code (Issac 2011) and the new code:

D % Magma Singular New New+SSE
Katsura 12 4096 21.2% 1408s 2623.5s 18.1s 0.73s

Random(n=3,d=19) 6859 3.50% 1084s 8248s 15.3s 0.74s



Linear Algebra
Idea of the Algorithms



Solve the following systems:

S1

$

&

%

123´ 7 x2 ` 22 xy ´ 94 y2 “ 0
11´ 62 xy ´ 73 y2 “ 0
´4´ 5 x2 ` 31 xy ` 40 y2 “ 0

and

S2

$

&

%

´20´ 15 x2 ´ 59 xy ´ 96 x ` 72 y2

132´ 90 x2 ` 43 xy ` 92 x ´ 91 y2

5` 11 x2 ` 12 xy ` 13 x ´ 17 y2



Computing Gröbner Bases: example
$

&

%

123´ 7 x2 ` 22 xy ´ 94 y2 “ 0
11´ 62 xy ´ 73 y2 “ 0
´4´ 5 x2 ` 31 xy ` 40 y2 “ 0

We linearize the problem:

x2 “ e1, y2 “ e3, xy “ e2 pforget that e1e3 “ e2
2q

Solve a linear system:
$

&

%

123´ 7 e1 ` 22 e2 ´ 94 e3 “ 0
11´ 62 e2 ´ 73 e3 “ 0
´4´ 5 e1 ` 31 e2 ` 40 e3 “ 0

Recover the solutions:

e1 “ 1,e2 “ ´1,e3 “ 1
x “ ´y “ ˘1
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Computing Gröbner Bases: example (2)
$

&

%

f1 “ ´20´ 15 x2 ´ 59 xy ´ 96 x ` 72 y2

f2 “ 132´ 90 x2 ` 43 xy ` 92 x ´ 91 y2

f3 “ 5` 11 x2 ` 12 xy ` 13 x ´ 17 y2

Not enough equations ! Cannot Linearize !

We generate “new” equations: x f1, x f2, x f3, y f1, y f2, y f3
We obtain 6` 3 equations and 9 variables:

e2 “ x , e3 “ y , e4 “ x2, e5 “ x3, e6 “ y2, e7 “ y3, e8 “ xy , e9 “ x2y , e10 “ y2x
»

—

—

—

—

—

—

—

—

—

—

—

–

0 ´20 0 ´96 ´15 0 0 0 ´59 72

0 132 0 92 ´90 0 0 0 43 ´91

0 5 0 13 11 0 0 0 12 ´17

0 0 ´20 0 0 0 72 ´96 ´15 ´59

0 0 132 0 0 0 ´91 92 ´90 43

0 0 5 0 0 0 ´17 13 11 12

´20 ´96 0 ´15 0 72 0 ´59 0 0

132 92 0 ´90 0 ´91 0 43 0 0

5 13 0 11 0 ´17 0 12 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

»

—

–

1
e2
e3
.
.
.

e10

fi

ffi

fl

“ 0

Solve : e2 “ ´e3 “ e4 “ ¨ ¨ ¨ “ 1 and recover x “ ´y “ 1
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.
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Computing Gröbner Bases: example (2)
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&
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—

—

—

—

—

—

—

—

—
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5 13 0 11 0 ´17 0 12 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

»

—

–

1
e2
e3
.
.
.

e10

fi

ffi

fl

“ 0

Solve : e2 “ ´e3 “ e4 “ ¨ ¨ ¨ “ 1 and recover x “ ´y “ 1
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0 0 132 0 0 0 ´91 92 ´90 43

0 0 5 0 0 0 ´17 13 11 12

´20 ´96 0 ´15 0 72 0 ´59 0 0

132 92 0 ´90 0 ´91 0 43 0 0

5 13 0 11 0 ´17 0 12 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

»

—

–

1
e2
e3
.
.
.

e10

fi

ffi

fl

“ 0

Solve : e2 “ ´e3 “ e4 “ ¨ ¨ ¨ “ 1 and recover x “ ´y “ 1



Computing Gröbner Bases: example (2)
$

&

%

f1 “ ´20´ 15 x2 ´ 59 xy ´ 96 x ` 72 y2

f2 “ 132´ 90 x2 ` 43 xy ` 92 x ´ 91 y2

f3 “ 5` 11 x2 ` 12 xy ` 13 x ´ 17 y2

Not enough equations ! Cannot Linearize !
We generate “new” equations: x f1, x f2, x f3, y f1, y f2, y f3
We obtain 6` 3 equations and 9 variables:

e2 “ x , e3 “ y , e4 “ x2, e5 “ x3, e6 “ y2, e7 “ y3, e8 “ xy , e9 “ x2y , e10 “ y2x
»

—

—

—

—

—

—

—

—

—

—

—

–

0 ´20 0 ´96 ´15 0 0 0 ´59 72

0 132 0 92 ´90 0 0 0 43 ´91

0 5 0 13 11 0 0 0 12 ´17

0 0 ´20 0 0 0 72 ´96 ´15 ´59

0 0 132 0 0 0 ´91 92 ´90 43

0 0 5 0 0 0 ´17 13 11 12

´20 ´96 0 ´15 0 72 0 ´59 0 0

132 92 0 ´90 0 ´91 0 43 0 0

5 13 0 11 0 ´17 0 12 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

»

—

–

1
e2
e3
.
.
.

e10

fi

ffi

fl

“ 0

Solve : e2 “ ´e3 “ e4 “ ¨ ¨ ¨ “ 1 and recover x “ ´y “ 1



F4

F4



Matrix representation of polynomials
Definition

If F “ rf1, . . . , fms is a vector of m polynomials and ă an admissible
ordering, TăpF q “ rt1, . . . , tl s the monomials in the support of F sorted
for ă. The matrix representation of MTăpF qpF q wrt F is:

MpF q “

t1 t2 t3
f1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

f2 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

f3 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

MpF qfi ,tj “ coeff
`

fi , tj
˘

Moreover, MpF q satisfies the following equation:

F “ MpF q ¨ TăpF q



Polynomial representation of a matrix

Definition

If M is a matrix of size l ˆm with coefficients in K and X “ rt1, . . . , tms
is a vector of terms, then the polynomial representation of M wrt X is
the vector of l polynomials given by:

F “ M ¨ X



Example ( Cyclic 4 Problem)
The monomial ordering is DRL

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 0 0 0 1 1 1 1
f3 1 0 1 1 0 1 0

bf4 1 1 1 0 1 0 0



Example ( Cyclic 4 Problem)
The monomial ordering is DRL

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Macaulay matrix

Definition (Macaulay matrix [8])

Let F “ rf1, . . . , fms a vector of m polynomials and d a non negative
integer then the Macaulay matrix in degree d of F Macaulay

d pF q, is the
matrix representation of

F pdq “
“

tj ¨ fi | 1 ď i ď m and tj P T with degptjq ď d ´ degpfiq
‰

Macaulay
d pF q “ MpF pdqq “

m1 m2 m3
t1 f1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

t2 f2 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨



Echelon form of a matrix

The basis operation is to compute a row echelon form of matrix; this
will be the most costly operation.
Definition
If MpF q is the matrix representation of a vector of polynomials F we
denote by ČMpF q the Gaussian elimination of MpF q (without pivoting the
columns of the matrix).

We extend this definition to polynomials:
Definition

Let F Ă Krx1, . . . , xns and ă a monomial ordering. We denote by F̃ the
polynomial representation of ČMpF q. We say that F̃ is the echelon form
of F (or a Gaussiant elimination) wrt ă.



Example

The matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Example

The matrix representation of F1 “ rf3,bf4,df4s is:

Ã1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1



Example
The polynomial representation of:

Ã1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1

F̃1 “

»

–

f5 “ ad ` bd ` cd ` d2,

f6 “ ab ` bc ´ bd ´ d2,

f7 “ b2 ` 2 bd ` d2

fi

fl



Macaulay method

The idea of using linear algebra to solve polynomial systems date back
to Macaulay.
Macaulay matrix is a generalization of the Sylvester matrix [7] ( the
matrix involved in the computation of the resultant of 2 polynomials).

The link between the computation of a truncated d-Gröbner basis is
given by the following theorem of Lazard:

Theorem (Lazard)

If F “ tf1, . . . , fmu is a set of homogeneous polynomials then
ČMacaulay
d pF q is a (non reducible) d-Gröbner basis of F .

If F “ tf1, . . . , fmu is a set of polynomials, then there exists d ą 0 such

that ČMacaulay
d pF q is a Gröbner basis of F .



Macaulay bound

Theorem (Macaulay bound)

Let F “ tf1, . . . , fmu is a set of homogeneous polynomials which is a
regular sequence. We define

D “ 1`
m
ÿ

i“1

pdegpfiq ´ 1q

then ČMacaulay
D pF q is a (non reduced) Gröbner basis of F .



Regular sequence I

We consider the Macaulay matrix of F “ rf1, . . . , fms.
If the Macaulay matrix is singular ÐÑ the rows of the matrix are not
independent.
Moreover, each row of the matrix is a product t ˆ f where t is a term
and f P F ; the linear dependence can be expressed by
ř

fPF ,tPT λt ,f t f “ 0 or equivalently by grouping terms:

m
ÿ

i“1

gi fi “ 0 (1)

where gi are polynomials in Krx1, . . . , xns. We say that pg1, . . . ,gmq is a
syzygy. The relation (5) can be rewritten:

g1f1 “ 0 modulo Idpf2, . . . , fmq (2)

in other words it is a zero divisor pif g1 ‰ 0q.



Regular sequence II

A linear system is non singular if one cannot find a non zero linear
combination:

m
ÿ

i“1

λi fi “ 0 with λi P K (3)

For algebraic systems: it is not possible to avoid non zero relations (5) :

fi fj ´ fj fi “ 0 (4)

We say that it is a trivial syzygy.



Regular sequence I

We consider the Macaulay matrix of F “ rf1, . . . , fms.
If the Macaulay matrix is singular ÐÑ lthe rows of the matrix are not
independent.
Moreover, each row of the matrix is a product t ˆ f where t is a term
and f P F ; the linear dependence can be expressed by
ř

fPF ,tPT λt ,f t f “ 0 or equivalently by grouping terms:

m
ÿ

i“1

gi fi “ 0 (5)

where gi are polynomials in Krx1, . . . , xns. We say that pg1, . . . ,gmq is a
syzygy. The relation (5) can be rewritten:

g1f1 “ 0 modulo Idpf2, . . . , fmq (6)

in other words it is a zero divisor pif g1 ‰ 0q.



Regular sequence II

A linear system is non singular if one cannot find a non zero linear
combination:

m
ÿ

i“1

λi fi “ 0 with λi P K (7)

For algebraic systems: it is not possible to avoid non zero relations (5) :

fi fj ´ fj fi “ 0 (8)

We say that it is a trivial syzygy.



Regular sequence III

Definition (Regular Sequence

Algebraic definition: the system pf1, . . . , fmq of homogeneous polynomi-
als is regular if for all i “ 1, . . . ,m and g such that

g ¨ fi P xf1, . . . , fi´1y

then g is also in xf1, . . . , fi´1y.

Geometric definition: the systempf1, . . . , fmq of homogeneous polyno-
mials is regular if for all i P t1, . . . ,mu, the dimension of xf1, . . . , fiy is
n ´ i .
We say that the sequence pf1, . . . , fmq is regular.
The sequence pf1, . . . , fmq of affine polynomials is regular if the se-
quence pf h

1 , . . . , f
h
mq is regular ( f h

i is the highest homogeneous par of
fi ).



Regular sequence IV

Remark
Another characterization of regular sequences: there is no relation

ÿ

i

gi ¨ fi “ 0 with gi P Krx1, . . . , xns

except the relations induced by the trivial syzygies fi fj “ fj fi .

Remark
From the geometric definition: there is no regular sequence when m ą

n.



Characterizations of Gröbner Bases



Characterizations of Gröbner Bases

Useful characterizations of Gröbner bases.
Definition (t-representation)

Let P “ rp1, . . . ,pk s be a finite subset of Krx1, . . . , xns, 0 ‰ f P

Krx1, . . . , xns, and t P T . Assume that there exists pg1, . . . ,gk q P

Krx1, . . . , xns
k such that:

f “
k
ÿ

i“1

gi pi

We say that it is a t´representation of f wrt P if t ě LTpgipiq for all
1 ď i ď k . We denote by f “ OPptq this property.
We note f “ oPptq when there exists t 1 P T such that t 1 ă t and f “
OPpt 1q.



Characterizations of Gröbner Bases

Proposition

If f ,g are polynomials and , t is a term, P a finite subset of
polynomials, then

f “ OPptq g “ OPptq implies f ` g “ OPptq
f “ oPptq g “ oPptq implies f ` g “ oPptq
f “ OPptq u P T implies u f “ OPpu tq
f “ oPptq u P T implies u f “ oPpu tq

Proposition (R)

If REDUCTIONpp,Pq “ 0 or p
˚

ÝÑ 0
P

then p “ OPpLTppqq.

Proof.

Easy exercise.



Characterizations of Gröbner Bases

When f “ OGpLTpf qq we say that f has a standard representation wrg
G.

Theorem
G is a Gröbner basis if and only if @0 ‰ f P IdpGq, f “ OGpLTpf qq.

Proof.
. . .

and what happen when

f ‰ OGpLTpf qq ?



Sum of polynomials

f P I “ Id pf1, ¨ ¨ ¨ , fmq

By definition:

f “ g1f1 ` ¨ ¨ ¨ ` gmfm

Not a unique representation !

g1 f1 ¨ ¨ ¨
`g2 f2 ¨ ¨ ¨
`g3 f3 ¨ ¨ ¨
`g4 f4 ¨ ¨ ¨
`g5 f5 ¨ ¨ ¨

...

“ 0 0 ¨ ¨ ¨

Spf1, f2q ?



Sum of polynomials

f P I “ Id pf1, ¨ ¨ ¨ , fmq

By definition:

f “ g1f1 ` ¨ ¨ ¨ ` gmfm

Not a unique representation !

g1 f1 ¨ ¨ ¨
`g2 f2 ¨ ¨ ¨
`g3 f3 ¨ ¨ ¨
`g4 f4 ¨ ¨ ¨
`g5 f5 ¨ ¨ ¨

...

“ 0 0 ¨ ¨ ¨

Spf1, f2q ?



Sum of polynomials

f P I “ Id pf1, ¨ ¨ ¨ , fmq

By definition:

f “ g1f1 ` ¨ ¨ ¨ ` gmfm

Not a unique representation !

g1 f1 ¨ ¨ ¨
`g2 f2 ¨ ¨ ¨
`g3 f3 ¨ ¨ ¨
`g4 f4 ¨ ¨ ¨
`g5 f5 ¨ ¨ ¨

...

“ 0 0 ¨ ¨ ¨

Spf1, f2q ?



Sum of polynomials

f P I “ Id pf1, ¨ ¨ ¨ , fmq

By definition:

f “ g1f1 ` ¨ ¨ ¨ ` gmfm

Not a unique representation !

g1 f1 ¨ ¨ ¨
`g2 f2 ¨ ¨ ¨
`g3 f3 ¨ ¨ ¨
`g4 f4 ¨ ¨ ¨
`g5 f5 ¨ ¨ ¨

...

“ 0 0 ¨ ¨ ¨

Spf1, f2q ?



Characterizations of Gröbner Bases

Theorem
G is a Gröbner basis if and only if @0 ‰ f P IdpGq, f “ OGpLTpf qq.

Theorem
Let G be a finite subset of polynomials. If for all g1,g2 in G, we have
Spolpg1,g2q “ 0 or Spolpg1,g2q “ oGplcmpg1,g2qq, then G is a Gröbner
basis.

Proof.

We need to proof a lemma first . . .



Proof of the theorem: lemma

Lemma
Let f1, . . . , fk be nonzero polynomials in Krx1, . . . , xns and t P T .
Consider f “ OPptq “ Σk

i“1cixαi fi , where ci P K˚ such that

t “ xα1 LT pf1q “ ¨ ¨ ¨ “ xαk LT pfk q.

If LT pf q ă t , then k ą 1 and f can be rewritten:

f “

k´1
ÿ

i“1

bi
t
τ i

Spolpfi , fi`1q with bi P K, (9)

where τ i “ lcmpfi , fi`1q. Furthermore

t
τ i

LT pSpolpfi , fi`1qq ă t , for all i “ 1, . . . , k ´ 1.



Characterizations of Gröbner Bases

Corollary (Buchberger)

Let G be a finite subset of polynomials . G is a Gröbner basis if and
only if Spolpf ,gq ˚

ÝÑ 0 for all pf ,gq P G2.

Corollary (Buchberger)

Let G be a finite subset of polynomials . G is a Gröbner basis if and
only if REDUCTIONpSpolpf ,gq,Gq “ 0 for all pf ,gq P G2.

Proof.

Let pf ,gq P G2, f ‰ g. Put t “ LTpSpolpf ,gqq ă lcmpf ,gq
If REDUCTIONpSpolpf ,gq,Gq “ 0 then from proposition (R) :
Spolpf ,gq “ OGpLTpSpolpf ,gqqq “ OGptq “ oGplcmpf ,gqqand we can
apply the theorem.



Buchberger Algorithm
Very simple version of the Buchberger algorithm:

Algorithm (Buchberger)

Input:
"

F “ rf1, . . . , fss a list of polynomials
ă admissible ordering

Output: G a finite subset of Krx1, . . . , xns.
G :“ F and m :“ s
P :“

 

pfi , fjq | 1 ď i ă j ď m
(

the list of critical pairs
while P ‰ H do

Select and remove from P a critical pair pf ,gq
fm`1 :“ Spolpf ,gq
fm`1 :“REDUCTIONpfm`1,Gq
if fm`1 ‰ 0 then

m :“ m ` 1
P :“ P Y tpfi , fmq | 1 ď i ă mu
G :“ G Y tfmu

return G



F4

F4



The F4 algorithm
Definition

A critical pairs of pfi , fjq is a member of T 2 ˆ Krx1, . . . , xns ˆ T ˆ

Krx1, . . . , xns,
Pairpfi , fjq :“ plcmij , ti , fi , tj , fjq

such that

lcmpPairpfi , fjqq “ lcmij “ LTpti fiq “ LTptj fjq “ lcmpfi , fjq

Definition
We define the degree of the critical pair pi,j “ Pairpfi , fjq, degppi,jq, to be
degplcmi,jq. We define the following operators:

Leftppi,jq :“ ti ¨ fi et Rightppi,jq :“ tj ¨ fj



Algorithm F4 [5] (simplified version)

Input:

$

&

%

F is a finite subset of Krx1, . . . , xns

Sel is a function ListpPairsq Ñ ListpPairsq
such that Selplq ‰ H if l ‰ H

Output: un sous ensemble fini de Krx1, . . . , xns.
G :“ F , F̃`0 :“ F , d :“ 0 and P :“

 

Pairpf ,gq | pf ,gq P G2 with f ‰ g
(

while P ‰ H do
d :“ d ` 1
Pd :“ SelpPq
P :“ PzPd
Ld :“ LeftpPdq Y RightpPdq

F̃`d :“REDUCTIONpLd ,Gq
for h P F̃`d do

P :“ P Y tPairph,gq | g P Gu
G :“ G Y thu

return G



We can now extend the definition of reduction of a polynomial modulo
a subset ofKrx1, . . . , xns, to the reduction of a subset of Krx1, . . . , xns

modulo another subset of Krx1, . . . , xns:

Algorithm REDUCTION

Input: L,G finite subsets of Krx1, . . . , xns

Output: a finite subset of Krx1, . . . , xns (could be empty).
F :“SYMBOLICPREPROCESSINGpL,Gq
rF :“ Gaussian reduction of F wrt ă
F̃` :“

!

f P F̃ |LTpf q R LTpF q
)

// the “useful” part of rF

return F̃`



No arithmetic operation is used: it is a symbolic preprocessing.

Algorithm SYMBOLICPREPROCESSING

Input: L,G finite subsets of Krx1, . . . , xns

Output: a finite subset of Krx1, . . . , xns

F :“ L
Done :“ LTpF q
while TpF q ‰ Done do

choose m an element of TpF qzDone
Done :“ Done Y tmu
if m top réductible modulo G then

exists g P G and m1 P T such that m “ m1 ¨ LTpgq
F :“ F Y tm1 ¨ gu

return F

The SYMBOLICPREPROCESSING function is very efficient: its
complexity is proportional to the size of the output (if #G is smaller
than the final size of T pF q) [parallel implementation].



Lemma (1)

For all polynomials p P Ld ,we have p GYF̃`
ÝÑ 0

Theorem
The F4 algorithm computes a Gröbner basis of G in Krx1, . . . , xns

such that F Ď G and IdpGq “ IdpF q.

Proof.
. . .

Remark
If #Selplq “ 1 for all l ‰ H then the F4 algorithm reduces to the Buch-
berger algorithm. In this case the function Sel is the equivalent of the
selection strategy for the Buchberger algorithm.



Selection function

Algorithm Selection

Input: P a list of critical pairs
Output: a list of critical pairs.
d :“ min tdegplcmppqq | p P Pu
Pd :“ tp P P | degplcmppqq “ du
return Pd

We call this strategy the normal strategy for F4.
Hence, if the input polynomials are homogeneous, we obtain in degree
d , a d Gröbner basis; Sel selects, in the next step, all the critical pairs
which are needed to compute the Gröbner basis in degree d ` 1.



Optimisations

including Buchberger Criteria (or F5 criterion).
reuse all the rows in the reduced matrices.

Algorithm Buchberger Criteria - Implementation

pGnew ,Pnew q :“UPDATEpGold ,Pold ,hq

Input:

$

&

%

a finite subset Gold of Krx1, . . . , xns

a finite subset Pold of critical pairs in Krx1, . . . , xns

0 ‰ h P Krx1, . . . , xns

Output: a finite subset in Krx1, . . . , xns an updated
list of critical pairs.



Algorithm F4 algorithm (with Criteria)

Input:
"

F Ă Krx1, . . . , xns

Sel a function ListpPairsq Ñ ListpPairsq
Output: a finite subset of Krx1, . . . , xns.
G :“ H andP :“ H and d :“ 0
while F ‰ H do
f :“ firstpF q; F :“ Fztf u
pG,Pq :“UPDATEpG,P, f q
while P ‰ H do
d :“ d ` 1
Pd :“ SelpPq; P :“ PzPd
Ld :“ LeftpPdq Y RightpPdq

pF̃`d ,Fdq :“REDUCTIONpLd ,G, pFiqd“1,...,pd´1qq

for h P F̃`d do
P :“ P Y tPairph,gq | g P Gu
pG,Pq :“UPDATEpG,P,hq

return G



F4: step by step

Example (3 quadratic equation in F101)
Monomial ordering is DRL and the normal strategy

F “

»

—

—

—

—

—

—

–

f1 “ x1
2 ` 66 x1 x2 ` 4 x1 x3 ` 25 x2

2 ` 41 x2 x3 ` 54 x3
2 ` 42 x1

`87 x2 ` 22 x3 ` 86,
f2 “ x1

2 ` 22 x1 x2 ` 38 x1 x3 ` 9 x2
2 ` 53 x2 x3 ` 6 x3

2 ` 92 x1
`61 x2 ` 74 x3 ` 49,

f3 “ x1
2 ` 13 x1 x2 ` 86 x1 x3 ` 29 x2

2 ` 11 x2 x3 ` 81 x3
2 ` 98 x1

`67 x2 ` 7 x3 ` 40

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

At the beginning G “ tf1u and P1 “ tPairpf2, f3q,Pairpf1, f2qu such that
L1 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3, f2, f1u T pF1q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

Matrix representation of F1 “ rf3, f2, f1s is:

A1 “ MpF1q “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f3 1 13 29 86 11 81 ¨ ¨ ¨

f2 1 22 26 38 53 6 ¨ ¨ ¨

f1 1 66 25 4 41 54 ¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨

Polynomial representation of ĂA2:



F4: step by step

Example (3 quadratic equation in F101)

At the beginning G “ tf1u and P2 “ tPairpf2, f3q,Pairpf1, f2qu such that
L2 “ tp1, f3q, p1, f2q, p1, f1qu.

SYMBOLICPREPROCESSINGpL2,G,Hq:
F2 “ tf3, f2, f1u T pF2q “ t x2

1 , x1x2, x1x3, x2
2 , x2x3, x2

3 , x1, x2, x3,1u

x2
1 is already done. All the other monomials are not reducible.

ĂA2 “

x2
1 x1x2 x2

2 x1x3 x2x3 x2
3 ¨ ¨ ¨

f6 0 0 1 28 19 79 ¨ ¨ ¨

f5 0 1 0 12 2 5 ¨ ¨ ¨

f1 1 66 4 25 41 54 ¨ ¨ ¨

Polynomial representation of ĂA2:

f5 “ x1 x2 ` 12 x1 x3 ` 2 x2 x3 ` 55 x3
2 ` 66 x1 ` 88 x2 ` 60 x3 ` 92,

f6 “ x2
2 ` 28 x1 x3 ` 19 x2 x3 ` 79 x3

2 ` 30 x1 ` 50 x2 ` 59 x3 ` 46



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨



F4: step by step

Example (3 quadratic equation in F101)

In degree 3: P3 “ tPairpf1, f5q,Pairpf5, f6qu such that
L3 “ tpx2, f1q, px1, f5q, px2, f5q, px1, f6qu.

SYMBOLICPREPROCESSINGpL3,G,Hq:
F3 “ tx2f1, x1f5, x2f5, x1f6u
T pF3q “ t x2

1 x2 , x1x2
2 , x

3
2 , x1x2x3, x1x2

3 , x1x3, . . .u

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨

F3 “ rx2 f1, x1 f5, x2 f5, x1 f6, x2 f6, x3 f5, x3 f6, f5, f6, x3 f1, f1s



F4: step by step
Example (3 quadratic equation in F101)

x3
2 is divisible by x2f6 ÝÑ F3 “ F3 Y tx2f6u

x1x2x3 is divisible by x3f5 ÝÑ F3 “ F3 Y tx3f5u
¨ ¨ ¨

F3 “ rx2 f1, x1 f5, x2 f5, x1 f6, x2 f6, x3 f5, x3 f6, f5, f6, x3 f1, f1s

A3“

f6 1 28 19 79 30 50 59 46
f5 1 0 12 2 55 66 88 60 92
. 1 66 25 4 41 54 42 87 22 86
. 1 28 19 79 0 0 0 30 50 59 0 0 46 0
. 1 0 12 2 55 0 0 0 66 88 60 0 0 92 0
. 1 66 25 4 41 54 0 0 0 42 87 22 0 0 86 0
. 1 0 28 19 0 79 0 0 30 50 0 59 0 0 46 0 0

x2f5 1 0 0 12 2 0 55 0 0 66 88 0 60 0 0 92 0 0
f10 1 0 28 19 0 79 0 0 30 50 0 59 0 0 46 0 0 0

x2f1 1 66 25 0 4 41 0 54 0 0 42 87 0 22 0 0 86 0 0
f8 1 0 0 12 2 0 55 0 0 66 88 0 60 0 0 92 0 0 0

f10 “ x1 x3
2 ` 23 x3

3 ` 77 x1 x3 ` 66 x2 x3 ` 84 x3
2 ` 48 x1 ` 38 x2 ` 44 x3 ` 68

f8 “ x2 x3
2 ` 98 x3

3 ` 60 x1 x3 ` 34 x2 x3 ` 85 x3
2 ` 65 x1 ` 9 x2 ` 74 x3 ` 28



F4: step by step

Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab ,ad ,b2,bc,bd , cdu
ab is already done.



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab , ad ,b2,bc,bd , cdu



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4u T pF1q “ t ab , ad ,b2,bc,bd , cdu

ad is top reducible by f4 P G !



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad ,b2,bc,bd , cd ,d2u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 ,bc,bd , cd ,d2u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 ,bc,bd , cd ,d2u

b2 is not reducible by G



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSINGpL1,G,Hq:
F1 “ tf3,b f4,df4u T pF1q “ t ab , ad , b2 , bc , bd , cd , d2 u



Example (Cyclic 4)
Monomial ordering is DRL and the normal strategy

F “
„

f1 “ abcd ´ 1, f2 “ abc ` abd ` acd ` bcd ,
f3 “ ab ` bc ` ad ` cd , f4 “ a` b ` c ` d



At the beginning G “ tf4u and P1 “ tPairpf3, f4qu such that L1 “

tp1, f3q, pb, f4qu.

SYMBOLICPREPROCESSING pL1,G,H ) returns

F1 “ rf3,bf4,df4s.



Example (Cyclic 4)

Matrix representation of F1 “ rf3,bf4,df4s is:

A1 “ MpF1q “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 1 1

bf4 1 1 1 1



Example (Cyclic 4)
Gaussian reduction of A1 is:

ĂA1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1



Example (Cyclic 4)

ĂA1 “

ab b2 bc ad bd cd d2

df4 1 1 1 1
f3 1 1 ´1 ´1

bf4 1 2 1

F̃1 “

»

–

f5 “ ad ` bd ` cd ` d2,

f6 “ ab ` bc ´ bd ´ d2,

f7 “ b2 ` 2 bd ` d2

fi

fl



Example (Cyclic 4)

F̃1 “ rf5 “ ad ` bd ` cd ` d2,
f6 “ ab ` bc ´ bd ´ d2,
f7 “ b2 ` 2 bd ` d2s

and since ab,ad P LTpF1q we have
F̃1` “ rf7s
and now G “ tf4, f7u.



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.



Example (Cyclic 4)

L2 “ tp1, f2q, pbc, f4qu et F “ tF1u.
In SYMBOLICPREPROCESSING we can try to simplify the products 1 ¨ f2
and bc ¨ f4 using the previous computations:

For instance LTpbc f4q “ abc “ LTpc f6q and so instead of bc ¨ f4 we can
consider c ¨ f6.



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, c f6u T pF2q “ t abc ,bc2,abd ,acd ,bcd , cd2u



Example (Cyclic 4)

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, cf6u T pF2q “ t abc ,bc2, abd ,acd ,bcd , cd2u



Example (Cyclic 4)

F̃1 “ rf5 “ ad`bd`cd`d2, f6 “ ab`bc´bd´d2, f7 “ b2`2 bd`d2s

For the next step we have to consider P2 “ tPairpf2, f4qu
hence L2 “ tp1, f2q, pbc, f4qu and F “ tF1u.
SYMBOLICPREPROCESSING

F2 “ tf2, cf6u T pF2q “ t abc ,bc2, abd ,acd ,bcd , cd2u

abd is reducible by bd f4 but also by b f5 !



Optimisations

including Buchberger Criteria (or F5 criterion).

reuse all the rows in the reduced matrices.
Improve the linear algebra step (dedicated algorithms, matrix
compression, . . . )
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