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The problem

A global optimization problem is of the form:

minimize ®(x)
subjectto f;(x) =0, i
where®:C" — R
f.:C"—C

(1)

1,..

.,m

[Want true global minimum NOT local minimum
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The problem

A global optimization problem is of the form:

minimize ®(x)

(1)

Set of constraints

Veonst={X€C"st. fi(x)=0i=1,...,m}

(not necessarily a bounded set).
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The problem

A global optimization problem is of the form:

minimize ®(x)

(1)

~ Computations must be certified

Hypothesisall the f; are algebraic (possibly after
some transformation)

Sometimes @ Is also a polynomial equation.
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The problem

A global optimization problem is of the form:

minimize ®(x)

(1)

Two cases:
m O algebraic
= ® not algebraic
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Solving the problem
(P algebraic)

® and f; are polynomials in Q[X;,...,Xy].
We introduce a newvariable F.
The strategy Is then to compute:

V =V, onstd {X St ax =0i=1,...,nfu{P-F}

V Is an algebraic variety.
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Solving the problem
(P algebraic)

® and f; are polynomials in Q[X;,...,Xy].
We introduce a new variable F.

0P .
V =V, onstJ {X St % =0i=1...,nfuU{®—-F}

The projection (V) =V NQJ[F] is also an alge-
braic variety.
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Solving the problem
(P algebraic)

® and f; are polynomials in Q[X;,...,Xy].
We introduce a new variable F.

0P .
V =V, gnstd {X St % =0i=1,...,nfu{P-F}

Result Is:

finite if mV)={f(F
infinite ifVAOIV)=

v

Inconsistentif V=0
}
0



What can we
compute ?

Computar Algebra = Exact Computation
Tool to study algebraic variety: Grobner bases

(Buchberger)
To compute Grobner bases:

= original Buchberger algorithm (Maple,
Mathematica, ...)

m More efficient algorithms (F4, F5 Faugere):
> 1000speedup
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What can we
compute ?

algebraicvariety V
m Decide if V = (complex roots)
m Decide if V = (real roots) Roulllier, ...
m Count the number of solutions. (degree V)
m Find all the solutions if finite.

m Count the number of free parameters Iif
Infinite. (dim V)

m Find equations of curves, surfaces If infinite.
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What can we
compute ?

System of polynomial equations f; =0,..., f, =0

f. € Q[Xq,---,%n).
We associate .# (F) = 1d(fy,..., fm)

Grobner basis an equivalent basis of the ideal .7 (F
If n= mthe shape of (lexico) Grobner:

X1 = Qp(%n)

where all the O. are univariate polynomiatge cene-r



What can we
compute ?

Algorithm F7 —possible to compute (efficiently)
a decomposition into irreducible varieties

V=V,U---UV,

each V. is an irreducible variety.
“g enenlizationof factorization”
Now for each component V, we compute the
minimum of m(V, ).
[We can separate the components: points, curves, .
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Small example
Step by step

Minimize (x,y and z reals):

O =x+2y*+ 74— 23xyz+ x+y+2




Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

We have to study:

0P 0P 0P
V_{dx’ oy’ dz’cp_F}




Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

that Is to say

4x3 — 23yz+1,

8y3 —23xz+ 1,

2875 — 23xy+ 1,
F—x*—2y*— 72+ 23xyz—x—y—z

We compute (V) with Groébner:
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Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

17407481 067/'4146227171784@7661155823151%59104319816554.238@ +

21746995929%474934981240794984221012082862526835697228P54466562°  +
127351445755932718878366086R79076742238116610150438409B797480140882° +

—705281642026894754768280988168890174361D569551986951288DB078257632442@B538454653373:
5572921412882877315801583342459671226041D7699253643958B/7197065058249181265994 756400
4502636556 7D016864075624562A1B23862755134104%4799355888356(B315423650527643D566838855632€
553479247 728943881900/505@1185976348189%47/018996621198B8H4203145064588D4004524463 784
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Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

Real solutions (isolation of real roots: intervals)
Uspensky Algorithm (Rouillier, Zimmermann)

[— 14024778931 _ 28088557181 1_ 276219617459 _ 13810930829) r_ 136482893905 _ 2720607878
17179%9184 > 343073838 ||~ 3435088368 ° 171086918 1)l 1717989184 > 343D7383®
(24330911869 _ 3041263967 1_ 932221949 _ 1864543897 _ 1595633217 _ 49863313
343073838 °  4294%7296 || T 1717989184 — 3435988368 | 343H7383@ " 107741824!
[ 7493886665 149867333
17179869181’ 343573836
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Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

Real solutions (isolation of real roots: intervals)
Uspensky Algorithm (Rouillier, Zimmermann)

[ —81.73797896 —80.39056025—79.44329373
—70.80988485—0.5426538380—0.4643904167
0.4361725101
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Small example
Step by step

O =x*+ 2y + 77 — 23xyZ+ X+ Y+ Z

Real solutions (isolation of real roots: intervals)
Uspensky Algorithm (Rouillier, Zimmermann)

—81.73797896 —80.39056025—79.44329373

—70.80988485—0.5426538380—0.4643904167
4361725101

~1s the global minimum.
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Solving the problem
(P not algebraic)

—compute irreducible varieties of
Veonst= Vl U-- 'Vk

Fori=1,... Kk,
V. Is an irreducible variety of dimension d..



Solving the problem
(P not algebraic)

Vconst: V1 J-- 'Vk

V. Is an irreducible variety of dimension d..
Usually V; = {H.(X{,...,Xq,X%n) }

Xy or X Ar€ free parameters

It IS possible to find

CDi(Xl,.--,Xdi,Xn):CD onV.
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Solving the problem
(P not algebraic)

Vconst: V1 J-- 'Vk

V. Is an irreducible variety of dimension d..

We now use a numerical (global) optimization
program to minimize ®, on the curve (surface,
...) H.

we have thus reducethe number of unknownsfrom
ntod.
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Applications

m the test problem of R. Baker Kearfott
m Design of filter bank (with Rouillier, Moreau)
m Breguet Formula
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The problem of R.
Baker Kearfott

Paper of R. Baker Kearfott (Journal of Reliable
Computing 2001) we found:



The problem of R.
Baker Kearfott

Finci a,, aé, a, X;, X, and X5 such that ¢, = 0 for
1=1,...,6.

c, = 0.084133, +0.08413, 4 0.08413a; + 0.08413+ 0.2163q1+ 0.0792q, — 0.1372q;
c, = —0.3266a, — 0.3266a, — 0.3266a, — 0.3266— 0.57q, — 0.0792q, -+ 0.4907q,
¢y = 0.2704a, +0.2704a, + 0.2704a, + 0.2704+ 0.3536a, (X, —X;) +0.3536a, (X;2 —X32) +
0.35363, (X;* —X3%) +0.3536x,* — 0.3536x,"
c, = 0.02383, —0.015923, — 0.01592a, — 0.01592a, — 0.01592— 0.08295q, — 0.05158, +
0.0314a;,
¢, = —0.04768, — 0.06774a, — 0.06774a, — 0.06774a; — 0.06774— 0.1509q; + 0.15090,

¢, = 0.02383p, — 0.1191a, —0.1191a, — 0.1191a, — 0.1191— 0.0314q, + 0.05158j, + 0.08295,

where

O = ay X + X +33% +X
| = 1,2,3{ P = % = a; +2a,% + 38X +4x3

[ r=q(1)=a,+ta,+a3+1
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The problem of R.
Baker Kearfott

-1 -0.5 0 0.5 1 1.5

Solution found by GlobSol
“A run of one hour produced 216 unverified small

boxes and 12 boxes with verified feasible points”.
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Decomposition Into
irreducitb le varieties

We used the F, algorithm to compute the

decomposition: it takes less than 1 minute on a
PC (Pentium Il - 600 Mhz).

dim(V;) =1fori=1,2,3 and dim(V,) =0 for
1=4,...,12

There are 26 real isolated points and 64 (pure)
complex isolated points.
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Decomposition Into
irreducitb le varieties

First two components parametrized by a, or a,:

Xp = Xq, %"+ 2y
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Decomposition Into

All the other components are zero dimensional
(Isolated points).

Vy=1,=
Ve=r1,=
Ve=1I3=
V=1, =
Vg=1I5=
Vog=Tg=

A, =—A3 =3, X3 =X, =Xy = —aq; = 1]
B =—la,=a, =X=X=X=0

A3 = —2,8, =X =X, =1,X; =a, =0
a3 =—2,a, =X =LX;=X,=a, =0
a3 = —2,8, =X =1L X, =%, =a, =0
A= —2,8, =X =% =1X,=a, =0

Vii=lg=3=-2a,=X=1X=X =8 =0

—p9/1



Decomposition Into
irreducitb le varieties

The shape of V;, Is

where Q (resp. Q;) Is a univariate polynomial of
degree 72 (resp. 71).



Decomposition Into
irreducitb le varieties

Q = x, "2+ 179089587329064969565221 25232051827741F8652532003520H021080
969030470526553232581849%54369541881222B903716463540983103629486428824
1320182675693135344628443B3355847291808142009577362620235698954281 718
3217557033Q21870498765344 T®647457744526 3361005412285 B26273033119053%
T

488389350282936881047974 B572870047208038501635261861 BB780861969897 5
2149575316796164447500318B183276380763 BR89360486796527238180059135%1
303987212508508416000000@MO00000000000T7 4747979949107 1109122825678 4F
89016474766876228257540682351168795646@2857321783374@0 131591890496 B
855878071391007944680050B3674188550033ME87272612751
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Decomposition Into
irreducitb le varieties

There are exactly 18realroots
[-12255552113270/233,-12255552113269/2%7],
[-17317363802/233,-17317363801 /23], [-7816254912 /233 -7816254911 /23,
[-3657648718/233,-3657648717 /233, [-2145107364/233,-2145107363 /23,

[1009266551/233,1009266552 /233, [1424585688/233,1424585689/2%7],
[3438423730/233,3438423731 /233, [5148036309/233,5148036310/2%7],
[7163775870/233,7163775871/233], [7582095283/233,7582095284 /233],
[10716772156/233,10716772157 /233, [12218728088/233,12218728089/2%7],
[16171083098/233,16171083099/233|, [25944225474 /233, 25944225475 /233,
[946227867734/233,946227867735/233), [7270849565383/233,7270849565384 /233,
[21249066182943/233,21249066182944 /23]
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Decomposition Into
irreducitb le varieties

= |a, = —.6160829,a, = 370507,a, = 201877,%, = —135308 X, = 178797, X, = —

= [3,=.41120%8,a; = —.25536&11 X, = 197.131 X, = 225512 a; = —151593,x, =

Hence we have found explicitely (r;)._; ,gall the
real isolated roots of the system.
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Comparison

1.3
o
X1
in
| |
0.5 1 1.5
a1
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Solutio ns In [-10,10]
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All real Solutions

—1600 0 3e+10
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Design of filter bank

(with F. Moreau and F. Rouillier)

This problem was supply to us by French
Telecom design of two-dimensionalfilter banks
yielding orthogonality and linear-phase filters,
and generating regular wavelet bases.

Using cascade (Vetterli and Kovacevic) forms im-
plies dealing with global non-linear optimization.
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K be a given integer (in practice k=7,8,9).
Let (a;)._, K) and (3 are free parameters (real

numbers).

2= (2,2,)
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cosa;  —sing; 0

sina;  cosa; 0
0 0 cosf3
0 0 sinf,
1 0 O
0 1 0 O
P=
0O 0 0 1
| 0 0 1 0

0

0
0

—sinf,

cosf |

K

=
I
S
1 1
1
© = O P

D(z,2) =

1
o O O Bk

1 0
0 1
-1 O
0 -1
0 0
0 0
z, O
0 77 |

S (2) = R1WP_|1 (D(z,,2,)PWRWP)
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Design of filter bank




Design of filter bank

i(z)zﬁﬂo(zbzz)"‘%ﬂ (21722)21"‘%0 (21722)224'% (21722)2122

The goal Is to find the maximum integer N such
that for all ky,k,,k; +k, <N

1tk Kitkoy

el OGN LD LY S =0t -D, LY, (1Y
Slipl =031, (-1-1), (-1 %zl';—l?:"f:Oat(l’_l)’(_l’_l)’(l’l)
MIN min { Enegy Compactiofa;, 3) }
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Design of filter bank

It Is obvious that we can transform all the
equations except (MIN) into polynomials by
adding new variables ¢ = cogqa;), s = sin(a;) and
a new equation ¢+ s* = 1 (the same for the 3).

The first task Is to find the maximum N for a given
K. This i1s done with grobner bases methods: for
a given K we try successively N = 1,2, 3 until we
found no solution.
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Design of filter bank

Imal N

ension

O W

NN

N W | Ol

W O

NP~

N | O1] OO

50
40+
30+ g
/ﬁlll
i
20+- / ;I
104 71
0 7 Illléz il i
0 Attrgrtr iy
T
0.4 'f.,é%f{{’%" ]

0.4

XS oy
SIS
OSY

I\
AN
R
R TSR
S
RS
TR

S
\\\\‘\\ ‘?2:::’

0.4
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Design of filter bank

K 3
maximal N | 2
0

w | o1
w| o
B~
N | O1) OO

:

dimension

we have a two dimensional system.

We use now a “standard” optimizer to optimize
the criteria (MIN) but with respect to only two pa-
rameters.
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Breguet Formula

The goal (problem submitted by ONERA) is to
maximize the Breguet endurance formula

W=y

Wy = ! .
1~ —_
V2ot ?Cx VS | V2lmid/ 2Kr Cxy S5/
K ( + Ko + ki + ) @_3/2 + mot + mo
(i) e S R
msS 2Umot9 CzKr SVL 2Umot9 C,vS
+ Mhnit T VDFOD\/E\/HEnitT[ Vprop\/ﬁ\/mﬁﬂL + kf + ke—|— kt + kcu
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Breguet Formula

Y = L/—’1L/"2

1
= V2 3/2cx. /S V2 3/2 3/2 -1
3/2 4 2Umot9” “Cxy V'S 2Umotg> Ky Cxy SL
Kl' (kf + ke‘l- kt —|_/ kf/ulfS— Vprop\/_Ci/z_m + Vprop\/r)CZ:g/Z\/mﬁ
msS ‘/_“motg C.K; SVL \/éumotg C,VS
\ + minit + Vprop\/_ + Vprop\/_mn’L —I_ kf + ke —I_ k[ + kCU

3/2 3/2 _ -1
W, =S| 1/2 CyoCspd \/rr::mzt\/_ +1/2 v/CzCspg \/m\/z
Vprop/PC2”/ TTVprop+/PL
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Breguet Formula

W=y

m transform (g rational fraction

m In a few seconds 96 complexsolutions (local
extrema)

m plugging these values into ¥ to find the
global maximum.
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Breguet Formula

Y=Yy,
L—=4442...
— 245962534835, .
S—13287... : - %
L = 44.53. .. |
- 61... 10
o 1174 [ 0 W=UptEwith36 0

/

solution found by numerical methods not optimal
(a linearizationof the equationy wasfirst computed
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Futur e work

Inexact data:

m Replace the exact arithmetic
= double
= Multiprecision floats (Zimmermann, GMP)
= mpfi (Revol, Roulllier)

m Infinitesimal deformations
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