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�zo£��n@wkpqikY\] D 4�F¦p£gZl\�@gj^=�Vn@�VixYu^)p£�@ix^�\gkp£ª�^#t\gk^bn�¨$o£pq�\^K�zw!��oq�@^luw|��]�^ikYunh�ug$H:pq�TgkYun�wkiK¤

ikYu^��zwxlupÁixwx��wkfû�|Yun�ps�
^=g�¬
S

(ë�5n@oqf3�un@]�p£��o£g|¯b�zwx^�oq^¨âi�iknM�n�]��uthi|�+ixpqn@�\�zoCgjikw|�+ix^��p£^Kg#wx^os�+ix^K�ûikn
�
os��gxgjps���o'oqp£�u^K��w��zo£��^Kluwx���uwxn�luo£^]�g�¬Ê]���pq�\oqfTixYu^B�
n@]��uthix�zikp£n��.nz¨Zwkn+¥ ^K�|Yu^Koqn@�M¨©n@wk]B¯�¤�ikYu^
�5n@oqf3�un@]�p£��o£gZl1^p£�u��wx^�uwx^Kgk^�Oik^=�V�@gZª�^K�
ikn@wxg%p£��ixYu^)]�n��un@]�p£��o1l5��gkp£gK°

•
�¢� D£���PF:�B�\^¥Â�
wxpqik^wxp£n�� ¬âixYu^

F5
�
wxpÁix^wxpqn@�5¯%¨©n@wb�h^ik^=��ikp£�u��t\gj^Koq^=gkg��
n@]9�\thix�zikp£n��\g9¬©]�n@gji�n�¨

ikYu^
S

(ë�5n@oqf3�un@]�p£��o£g�iknml5^)�
n@]��uthik^=��t\gkpq�\�-ixYu^b�o£�@gkgkps��zo1±%t\�|Y3l5^Kwk�@^w²��oq�@n�wxpÁixYu] wk^=�ht\�^!ikn
0
¯~Y\��gbl1^^K�M��p£ª�^K�+*Àtu�\�u^w)gjn@]�^-wx^��t\o£��wkpqi{f��n��\�upÁixpqn@�\g~n@�´ixYu^9gkfhg{ix^],¤Àpqibpsgb�uwkn+ª@^K�,ixY\�+i
ikYu^T��oq�@n�wxpÁixYu] �hnû�\^ª�^Kwm�1^wk¨©n�wx] t\gk^o£^Kgxgm�n�]��uthi|�+ixpqn@�\g° � �u^K¥��zo£��n@wkpqikY\] �5�z]�^K�

F5Y\��g#l1^^K�ólutup£oÁi�t\gkp£�u��ikYu^=gj^9i{¥%n�ps�h^K�@g�HbixYu^
F5

��oq�@n�wxpÁixYu] �
n@�\gjikwxt\��i|g�p£�\�wk^K]9^K�Oix�zo£o£fTikYu^
¨©n�o£oqn+¥�p£�u��]��+ixwkps�
^=g²p£�T�h^�@wk^K^

d
H

à©ñ�ò¦àâí
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Ad =

m1 > m2 > m3 . . .
t1f1

t2f2

t3f3

. . .









. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .









¥�Yu^wx^�ikYu^,p£�\�hps�
^Kg�n�¨!ikY\^,�n�o£tu]��\g��zwx^�]�n@�un�]�ps�zosgmgkn�wkik^=� ¨©n�w9ixYu^T���h]�psgkgkpql\oq^�n�w|�h^wxp£�u�
<
�z�\�ÇixYu^Mwxn+¥!g��zwx^T�uwxn3�ut\��iBn�¨)gkn�]�^T�1n�o£f3�un�]�ps�zosg

fi by somemonomials tj
gjt\�|Y³ixY\�+i

deg(tjfi) ≤ d
°�¾\n�w#�Bwx^�@tuo£��w�gkfhg{ix^] ikY\^m]��+ixwkps�
^=g¤

Ad

�zwx^�¨©tuo£o'wx���u«G°b�¢�.��gk^K�n��\�Mg{ix^�¦¤
wkn+¥N^K�|Yu^Koqn@�B¨©n@wk]�gZnz¨�ikY\^)]��zikwxp£�^Kg���wk^#�
n@]9�\thik^=�>H

A′
d =

m1 m2 m3 . . .
t1f1

t2f2

t3f3

. . .









1 0 0 . . .
0 1 0 . . .
0 0 1 . . .
0 0 0 . . .









��ª�^� pq¨
F5

gjikp£oqoZ�
n@]��uthik^=g)ixYu^�gx�z]�^B]��+ixYu^]��zikps��zo²n�lhy{^=��i�¬W� Å wxÆ�lu�\^w�l\�@gjpsg|¯�¤�ikYu^��@���.¥�pqikY
^¿hp£gjikp£�u�Bn�ikYu^Kw��zo£��n@wkpqikY\]�g!p£gb�
n@�\gj^=rOtu^�OiK°��¢�M�\�zwkikps�
tuos�zw=¤5�utu^�ixn�ikYu^mwx���u��^)n�¨C^
¿u�z]��uo£^Kg~¥�Yups�|Y
l1^K�n�]�^#�
n�]��utuix�zl\oq^@¤ Å wkÆ@lu�u^wZl\�@gjpsgZ����Vl1^#�n��\gkps�h^wx^K����gZ�-wx^K�@gjn@�\�zl\oq^b�
n�]��utuix�zl\oq^bn�lhy{^=��i�p£�
os�zwx��^b�z�u�\oqps��zikp£n��\gK°$�¢]��1n�wkix���@iZ�\��wx��]9^ik^Kwxg�ikn9^ª+�zo£t\�zik^�ikYu^)�
n@]��uoq^¿hpÁi{f�nz¨ Å wkÆ@lu�u^Kw²l\�@gj^=g�¥�pqikY
ixYu^

F5
�zwx^�ikYu^

D
ikY\^V]��+¿hp£]���o²�h^K��wx^^

d
nh��
t\wkp£�u�´p£� ikY\^��n�]��uthi|�+ikp£n�� ���\�óixYu^�gkp�
K^Vn�¨�ikYu^

]��zikwxpÁ¿
Ad.

XZYu^)n+ª�^Kwx��oqoG�
nOg{i!psg%ikY3t\g!�un�]�pq�5�+ik^=�Vl3f
(#Ad)

3 °
�.^ó�\��f �È�\��wjixp£�tuos�zw,�+ijix^�Oikp£n�� ikn Å wkÆ@lu�u^Kw�l\�@gj^=g��n�]��uthix^K�µ¨©n�w,^o£pq]�p£�\�+ixpqn@� n@wx�h^Kwkp£�u�Og

gkp£�\�
^VikYu^Kf.�\wkn+ª3ps�h^V�T¥Z��fMixn � »�� � � » � � ikYu^,gjfhgjik^K]�¬W�z� ^=rOtupqª+��oq^K�@i9gjfhgjik^]�¥�pqikY¶�´g{ixwkt5��ikt\wk^=�
gkY\���5^�¯�°)¾un@w�^¿h��]��uoq^@¤À�Bo£^
¿hp£�n��@wx���uYups� Å wkÆ@lu�u^Kw~l\�@gjpsg~n�¨�
^Kwkn��hpq]�^K�\gjp£n��5�zo'gjfhgjik^] ¬Ê¥�Yu^�MikYu^
�3tu]ml5^Kw)nz¨��
n@]9�\oq^¿.gkn�o£thikp£n��\g#psg#É\�\pÁix^=¯#Y\�@g)�zo£¥%��fhg�ikY\^�¨©n�o£oqn+¥�p£�u�TgjY5�z�1^´¬©pq¨Z¥%^�gjt\�u�5nOgj^�ixY\�+i
X1 < X2 . . . < Xn

¯PH


































































f(X1) = 0
f2(X1, X2) = 0°°°
fk2(X1, X2) = 0
fk2+1(X1, X2, X3) = 0°°°
fkn−1+1(X1, . . . , Xn) = 0°°°
fkn

(X1, . . . , Xn) = 0

.

¬W�h^�1^�5�hpq�\�)n���gjn@]�^%�@^n@]9^ikwxp£�K�zo3�uwxn��1^wkikp£^Kg'n�¨5ixYu^!gjn@oqtuikp£n��\gK¤�gkn�]�^Znz¨1ikYu^!�1n�o£f3�un�]�ps�zosg�]���fml5^
ps�h^K�@ixp£�K�zo£oqf9�3tuo£os¯
°C�µ¥%^o£o5«3�un+¥����uwxn��1^wki{f9p£gCikY\�zi²ixYu^$
K^wxn@g:n�¨ÀikYu^#gj]���oqo£^Kgji�¬©¥)° w=° i=°

<
¯C�un��B�3tuo£o

�1n�o£f3�un�]�ps�zo:�h^É\�u^9ikYu^G3À�zwxp£gk«3p'�oqnOgjt\wk^,¬Ê�o£�@gkgkp£�K�zo'�
o£n@gktuwx^mp£�.ikYu^���@gj^9nz¨��
n@]��uoq^¿M�
n3^
§B�pq^K�@i|gx¯
n�¨�ixYu^)�uwxnzy{^K�
ikp£n���n���ikYu^��n3n�w|�hpq�5�+ik^+� gZgk�\���^)��gxgjnh�
ps�+ix^K�V¥�pÁixY�ixYu^�gk]���oqo£^Kgji�ª+�zwxp£��luoq^=g°

ò$ò á*MINPOPQPR
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 �� ¹k¸��������������´¸¹ � ¸º�������� � 
h» ��� »Ê¸¹

aTn@wk^.��^K�u^w|�zo£o£f�¤~���Ì�@�h]�p£gxgjp£luo£^ûn@wx�u^wxpq�u�
<
n�� ikYu^ó]�n��\n�]�p£��o£g��h^K�5^K�\�hp£�u�³n�� ª+��wkps�zluo£^Kg

[X1, . . . , Xn]
psg~���Tn�w|�h^wxp£�u��¥�Yup£�|YT^Koqp£]�pq�5�+ik^=g

Xd+1, . . . , Xn

pq¨
Xi < Xj ∀i = 1 . . . d, j = d +

1 . . . n
°'XZYu^Zo£^
¿hp£�n��@wx���uYups��n@wx�h^Kwkp£�u�bp£g:�b�\��wjixp£�tuos�zw'^o£pq]�p£�\�+ixpqn@�mn@wx�u^wxpq�u�5° Å p£ª�^K�-i{¥%n#]9n@�un�]�ps�zo

n@wx�u^wxpq�u�Og
<1
¬©¥)° wK° iK°$ikYu^Zª+�zwxps�zluo£^Kg

X1, . . . , Xd

¯$���\�
<2
¬©¥)° wK° iK°$ikY\^%ª+��wkps�zluo£^Kg

Xd+1, . . . , Xn)
n��u^

�K�z���h^
É5�u^!�z��n�w|�h^Kwkp£�u�b¥�Yup£�|Y9^o£p£]9p£�\�zik^Kg
Xd+1, . . . , Xn

l3f-gk^
ikikp£�u�#ikYu^!gkn)���oqo£^K�mluo£n3�|«mn�w|�h^wxp£�u�
<1,2

�@g%¨©n�o£oqn+¥!g H:�@pqª@^�Bi{¥%n�]�n��un@]9ps�zosg
m
�z�5�

m′ ¤ m <1,2 m′ pq¨'���\��n��uo£fBpq¨ m|X1=1,...,Xn=1
<2

m′
|X1=1,...,Xn=1

n�w�¬
m|X1=1,...,Xn=1

= m′
|X1=1,...,Xn=1

���\�
m <1 m′ ¯�°

���� � '61���� !$��� '9�$�%���.�(��� �	�(� ��'
� �
3G^wxn (¢�hpq]�^K�\gjp£n��5�zo3gjfhgjik^]�g:��wk^%�5n@oqf3�un@]�p£��ougjfhgjik^]�g'¥�pqikY���É\�upqik^��3tu]-l1^w:n�¨G�n�]��uo£^
¿mgkn�o£thixpqn@�\g°
XZY\p£g#gk�5^=�
pqÉ5�����gk^9p£g�¨©tu�\�\�z]�^�Oix��o'¨©n�w#]��z�3fT^�\��p£�u^^Kwkp£�u�����u�uo£p£�K�+ixpqn@�\gbpq�\�oqt5�hpq�\���\��wx��oqo£^o']��-(
�\pq�ut\o£�zikn�w²�®#v�gC¥�Yup£�|YB��wk^Z«3�un+¥��9ikn-Y\��ª�^@¤��+iC]�n@gjiK¤OÃ@�#�n�]��uo£^
¿9gkn�o£thixpqn@�\g:p£���un����h^K��^�\^w|�+ik^=�
�K��gk^Kg�¬ D£�K�u¤C�K�h¤��u�PF©¯�°�XZYu^9¨©n�o£oqn+¥�p£�u�,«3�un+¥��´ixYu^n@wk^K]dgkYun+¥!g�ikY\�zi#¥%^�����.�h^ik^=��i�^K�@gjp£o£f,ikY\�zi)�
gkfhg{ix^] p£g�
^wxn)�hp£]9^K�\gkpqn@�\�zoun@wC�un�i�l3fm�
n@]��uthikp£�u��� Å wxÆ�l\�u^w:l\�@gj^Z¨©n@w��z�3fm]9n@�un�]�ps�zoun@wx�u^wxpq�u� H

&(' Î3Ò � Î � & �$¸
º
G = {g1, . . . , gl}

� ¸ � �%¹ � ��� ¸¹ � � � » � � � ¹ � ��� � ¹k½�¸¹�» � �
<
� � � ��� � � � ºë¸��

S = {P1, . . . , Ps} ∈ Q[X1, . . . , Xn]s
��� u¸-º � � � �*��� � � » � � � ¹ ��� ¸¹�ºW»Ê¸ � �+¹k¸9¸� 
h» 	 � � ¸ � º �

� � � ¹J� ��� » � ½@¸ ;
i  i = 1 . . . n 

º u¸¹k¸�¸<;�» � º � � �I�*� �*� � �9».� �
gj ∈ G

� � ½ � �I� � »âº>» 	 ¸9» � ºë¸ � ¸
¹
nj� 
\·�Tº�I�+º

X
nj

i =
� �

(gj , <) �
� � u¸ � � � º¢¸��

{P1 = 0, . . . , Ps = 0}
6� � �!¼ � »âº¢¸ � 
?� � ¸
¹ � � ���*� 
hº>» �*�I� » �

Cn
�

�ë¨
S
psg 
^Kwkn�(ë�hp£]�^�\gkp£n��\��oW¤ÀixYu^��¤'�@��n�w|�hpq�\�VixnTikYu^Kn�wx^]��3¤'n��uo£fû��É\�\pÁix^B�3tu]-l1^w�n�¨�]9n@�un (

]�ps�zosg
m ∈ Q[X1, . . . , Xn]

�zwx^-�un�i�wx^K�ht\�pql\oq^9]�n3�utuoqn
G
¤G]�^K�z�\pq�u��ikY5�+i#�!^K�ht\�^@¬

m
¤
G
¤
<
¯
= m

°
aM�+ikY\^]��+ixp£�K�zo£oqf@¤G��gkf3gjik^K] p£g+
K^wxn (¢�hp£]9^K�\gkpqn@�\�zo$pÁ¨Z�z�\�Mn��uo£fTpÁ¨

Q[X1, . . . , Xn]/I
p£g#�

Q
(>ª@^K�
ikn�w

gk�\�@�
^bnz¨�É\�upqik^��hp£]�^�\gkpqn@�¦¤
I
l1^p£�u�9ikYu^)ps�h^=�zoÀ��^K�u^w|�+ix^K��l3f�ikYu^�gkfhg{ix^],°:XZYupsg�ª�^=��ikn@w�gj�\�@�
^#����

¨©t\oqo£fVl1^��|Y\�zw|���
ik^Kwkp 
^=��¥�Yu^�,«3�un+¥�p£�u��� Å wxÆ�l\�u^w�l\�@gjpsg$H

&(' Î3Ò � Î � % �$¸
º
S = {p1, . . . , ps}

� ¸ � � ¸º � � �6�����*� � �m».� � � � »âº  pi ∈ Q[X1, . . . , Xn] , ; ∀i =
1 . . . s 

� � ½ � 
 ���6�*� ¸´º�I�+º
G
» � � �Z¹�� ��� ¸¹ � � � » ��� �

I = 〈S〉 �
»âº ¶¹k¸ � � ¸|·
º-º � � ��� � �*� � �m».� �

� ¹k½�¸¹�» � �
<

��� u¸ � �

� Q[X1, . . . , Xn]/I = {Reduce(p, G, <) p ∈ I}
» � � 	 ¸|·
º � ¹ � � ��·|¸ � �C¼ � »âº¢¸-½+»���¸ �6� » �*� �

� B = {t = Xe1
1 ·X

en
n , (e1, . . . , en) ∈ Nn| Reduce(t, G, <) = t} = {w1, . . . , wD}

» � �
� � � » �J� �

Q[X1, . . . , Xn]/I
� � �

Q
� 	 ¸|·º � ¹ � � ��·|¸ �

� D = ]B
» � ¸<;���·º ��� º�\¸ � 
?� � ¸¹ � �.¸ � ¸���¸ � º � � �.· � � � � ¸<;��=¸
¹ � ¸ � � �´º u¸ � � � ºë¸��

{P =
0, ∀P ∈ S}

· � 
 � º¢¸|½ � »âº L��
 � ºW» � � »Ê·»âºW»Ê¸ � �

XZY3t\gK¤Kp£�#ikY\^4
^Kwkn�(ë�hp£]�^�\gkp£n��\��o��K��gk^�¤Kn��\�^C� Å wkÆ@lu�u^wÀl5��gkp£gÀpsgÀ«3�un+¥��¦¤��%l\��gkpsgÀnz¨
Q[X1, . . . , Xn]/I�K�z�9^K�@gjp£oqf-l5^!�n�]��uthix^K�,¬ÊXZYu^Kn�wx^] �O¯'gjnbixY\�+iCo£pq�\^K�zwC��oq�@^luw|�!]�^ikYunh�ugC�K�z��l1^!�z�u�uo£p£^K�-¨©n�w��hn@pq�\�

gk^ª@^w|�zoÀ�
n@]��uthix�zikp£n��\gZ���\����^
ikikp£�u��pq�u¨©n�wx]��zikp£n��\g���l5n@thiZikYu^)wxn3nzi|g°

à©ñ�ò¦àâí
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¾\n�w:�z�3f)�1n�o£fO�\n�]�p£��o
q ∈ Q[X1, . . . , Xn]

ixYu^��h^K�n�]��1n@gkpÁixpqn@�
q =

�!^K�ht\�^@¬
q
¤
G
¤
<
¯�� ∑D

i=1 aiwipsgCt\�up£rOtu^m¬ÊXZYu^Kn�wx^]��=¯C�z�5�m¥%^~�h^K�unzix^!l3f
~q = [a1, . . . , aD]

ixYu^!wx^�uwx^Kgk^�Oi|�+ikp£n��9nz¨
q
p£��ikYu^�l\��gkp£g

B
°:¾un@w�^
¿u�z]��uo£^�¤3ixYu^)]��+ikwxpq¿V¥)° w=° iK°

B
nz¨�ikYu^)o£pq�\^K�zw�]����

mq:

(

Q[X1, . . . , Xn]/I −→ Q[X1, . . . , Xn]/I
~p 7−→ −→pq

)

�K�z�.^
¿h�uo£p£�pÁixoqfûl5^B�n�]��uthix^K�³¬©pqixgm�
n@oqtu]��\g)��wk^9ixYu^�ª�^=��ikn@wxg −→qwi

¯#�z�\�.n@�u^���z�.ixYu^� �z�\�uoqfMikYu^
¨©n@oqo£n+¥�p£�u�m¥%^o£o (>«3�un+¥��VikYu^Kn�wx^]LH

&(' Î3Ò � Î � 9 ���5º>»Ê· ��¸ � � ¸
¹ � ¸¹ � � u¸9¸
» � ¸ �7	 � � 
\¸ �J� �
mq

�+¹x¸m¸<;���·º ��� º u¸
q(α) �

\¸
¹x¸
α ∈ VC(S)

�

���K�
n�w|�hp£�u�ûikn XZYu^n@wk^K] Ãu¤²ikYu^,p (WixY¶�nOn@wx�upq�\�zik^�nz¨#�zo£o
α ∈ VC(S)

����Èl1^Tn�lhi|�zp£�u^K� ¨©wkn@]
MXi

^Kpq�@^�3ª+�zo£tu^Kg�l\thiVixYu^Mpsgkgktu^´n�¨#É\�\�hp£�u�È��oqo~ikYu^M�n3n�w|�hpq�5�+ik^=g�nz¨���oqo~ikYu^
α ∈ VC(S)

¨©wkn@]
MX1 , . . . , MXn

^p£��^�3ª+�zo£tu^=g�psg��\nzi'^
¿h�uo£p£�pÁi��un�w'g{ixwx��pq�@YOij¨©n�wx¥Z�zw|�9¬Wgj^K^ D£��FO¨©n�w�^
¿u�z]��uo£^=¯
°��~nzix^²�zosgkn
ixY\�+i~gkn�]�^)�ztuikYun@wxgZ�uwxn��1n@gk^)�zo£��n@wkpqikYu]�g²iknB�n�]��uthix^)�3tu]�^wxp£�K�zo£oqf�ixYu^)]��+ixwkps�
^=g

MX1 , . . . , MXn¥�pqikY\n�thi��
n@]9�\thikp£�u� Å wxÆ�l\�u^wml\��gk^Kg�¬Êgk^^ D ��� Fâ¯
° 5!� ixnûn@tuw-^¿h�5^Kwkp£]�^�OixgK¤Cgjt5�|YÇ�
n@]��uthix�zikp£n��\g
��wk^9�un�i#�3tu]�^Kwkps���oqo£f´g{i|�zluo£^9¨©n�w)�@^�u^Kwx��o�]����upq�\tuo£�zikn@wxg#�z�5�Mpqi)]���fMl5^��uwx^
¨©^Kwx��luo£^-ixn,�n�]��uthix^�¤
¨©n@w²^¿u�z]��uo£^�¤OikYu^)�|Y\��wx�@��ix^wxp£gjikps���1n�o£fO�\n�]�p£��o5n�¨¦ikY\^b]��zikwxpÁ¿

MXi

���\��ixYu^��p£gkn�os�+ix^�pqixg%wx^K��o5wxn3nzixg
ixnVn@lhix��pq�.�zo£o�ixYu^m�1n@gxgkpqluo£^-p (>ikYû�n3n�w|�hpq�5�+ik^=g~n�¨:ikYu^�gkn�o£thikp£n��\gJH!¥%^m�\wk^¨©^w�iknB¨©n@oqo£n+¥�¥�pqikYM^¿u����i
�n�]��uthi|�+ixpqn@�\g��9oqpqijixoq^)lupqi!]�n�wx^�¤h�uwxn+ª3p£�upq�u�9^
¿u�@��iZ¨©n�wx]-tuos��g��@g%^
¿h�uos�zp£�u^K��p£�VixYu^)�u^
¿3i~gk^K�
ikp£n��¦°

���� ���('
	7���������$� ��� �������1 ������'�	7'��$1 '9�8'9�.�%�������.�
XZY\^��~�+ikp£n��5�zo�5!�\pqª+�zwxps�+ik^���^K�uwx^Kgk^�Oix�zikp£n�� DÜ�z��FCp£gK¤�¥�pqikY.ixYu^�^�\� (>t\gk^w)�1n�p£�Oi)nz¨ZªOp£^¥)¤��,gjp£]��uoq^
¥Z��fû¨©n�w-wx^�\wk^=gj^K�@ixpq�\�´gjf3]-l1n�o£ps��zo£o£fMixYu^�wxn3nzi|g�nz¨~� 
^wxn (¢�hp£]�^�\gkpqn@�\�zo²gjfhgjik^]�¥�pqikYun@thimo£n3n@gkpq�\�
p£�h¨©n@wk]��+ixpqn@� ¬©]mtuoÁixpq�\oqps�
pqikp£^Kg�n�w�wk^=�zo¦wxn3nzixg|¯�gkpq�5�
^�n@�u^-����´��^i��zo£o¦ixYu^-p£�h¨©n@wk]��+ixpqn@�Tn��,ixYu^-wxn3nzixg
n�¨�ixYu^�gjfhgjik^K]�l3fVgkn�o£ªOp£�u�9^
¿u�
o£t\gkpqª@^o£fBtu�up£ª+�zwxp£�zik^#�1n�o£fO�\n�]�p£��o£gK°

Å p£ª�^K�È� 
K^wxn (¢�hpq]�^K�\gjp£n��5�zo²gkfhg{ix^]
I =< p1, . . . , ps >

¥�Yu^Kwk^VikYu^
pi ∈ Q[X1, . . . , Xn]

¤C�
�~�+ikp£n��5�zo 5!�\pqª+�zwxps�+ik^´�!^�uwx^Kgk^�Oix�zikp£n��¶nz¨

V (I)
Y5��g�ixYu^T¨©n�o£o£n+¥�pq�u� gkY\�z�1^ H

ft(T ) = 0, X1 =
gt,X1 (T )

gt,1(T ) , . . . , Xn =
gt,Xn (T )
gt,1(T )

¤À¥�Yu^Kwk^
ft, gt,1, gt,X1 , . . . , gt,Xn

∈ Q[T ]
¬
T
psg#�B�u^K¥Âª+�zwxp£��luo£^=¯�°#�ëi

psg)tu�\p£rOtu^Koqfó�h^
É5�u^K�ó¥)° wK° iK°,�,��p£ª�^K�ó�5n@oqf3�un@]9ps�zo
t
¥�Yups�|Y gk^�\��wx�zik^Kg

V (I)
¬©p£�+y{^K�
ikp£ª�^Bn@�

V (I)
¯
¤

ixYu^��1n�o£f3�un�]�ps�zo
ft

l5^Kpq�\���u^K�^Kgxgk��wkp£oqfBikYu^-�|Y5�zw|����ix^wxp£gjikps���5n@oqf3�un@]9ps�zo�nz¨
mt

¬Êgk^^���l5n+ª@^#gk^K�
ikp£n��5¯
p£�

Q[X1, . . . , Xn]/I
D ��� Fë°ZXZY\^-��5~���h^É\�u^Kg���lup y{^K��ixpqn@�´l1^
i{¥%^^�,ixYu^�wxn3nzixg!nz¨

F
���\��ikYunOgj^�n�¨

ft

�uwx^Kgk^wxªOp£�u�mikYu^)]mtuoqikp£�uoqps�
pqikp£^Kg~�z�\��ikY\^)wk^=�zoGwkn3n�ixg H

V (S)(∩R) ≈ V (ft)(∩R)
α = (α1, . . . , αn) → t(α)

(X1(α) =
gt,X1 (t(α))

gt,1(t(α)) , . . . , Xn(α) =
gt,Xn (t(α))
gt,1(t(α)) ) ← t(α)

¾\n�w!�
n@]��uthikp£�u�B����5~�Ìn��\^bY5��g%ikn�gkn�o£ª�^bi{¥%nm�uwxn�l\oq^K]�g H

: É\�\�hp£�u�B��gk^�\��wx�zikp£�u�m^Koq^K]�^�Oi t
*
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: ��p£ª�^K�M�z�3f��5n@oqf3�un@]9ps�zo t
¤À�
n�]��utuik^m����5~� (j}%�z�\�up£�u�zik^

ft, gt,1, gt,X1 , . . . , gt,Xn

gkt\�|YTixY\�+i
pÁ¨

t
p£g!��gk^�\��wx�zikp£�u�9�5n@oqf3�un@]9ps�zo>¤OikYu^K�,ikYu^)��5~�0({}%���\�hps�u�+ix^bpsg!����5~�)°

���K�
n@wx�hp£�u�Vikn D ��� Fë¤�����5�� ({}%���\�hps�u�+ix^9�K�z�.^
¿h�uo£p£�pÁixoqfTl1^��
n@]9�\thik^=�M¥�Yu^K�û«3�un+¥�p£�u�,��gktupqix��luoq^
wx^�\wk^=gj^K�@i|�+ixpqn@�Vnz¨

Q[X1, . . . , Xn]/I
H

: ft =
∑D

i=0 aiT
i
psg�ixYu^m�|Y\��wx�@��ix^wxp£gjikps�~�1n�o£f3�un�]�ps�zo$nz¨

mt

°��¦^ixg��h^�un�ik^=g!l3f
ft

pqixgbgkrOt\��wk^�(
¨©wk^K^)�\�zwkiK°

: ¨©n�w)�z�3f v ∈ Q[X1, . . . , Xn]
¤
gt,v(T ) =

∑d−1
i=0 Trace(mvti)Hd−i−1(T )

¤
d = deg(ft)

�z�5�
Hj(T ) =

∑j
i=0 aiT

i−j
°

�¢� DÜ�z� Fë¤%�ógjikw|�+ix^��fópsg��uwxn��1n@gk^K� ¨©n@wB�
n@]9�\thikp£�u� �û��5���¨©n@w��z�3fÈgkf3gjik^K] ¬Ê�ó��5~�0({}%���\�hps�u�+ix^
���\�V�mgj^K�\�zw|�+ixpq�\��^o£^]�^�Oi�¯�¤hluthi%ikY\^wx^b��wk^bgj�1^K�p£��oG�K��gk^Kg�¥�Yu^wx^�pqi���z��l5^#�
n@]��uthik^=�V�hp �G^wx^�Oiko£f�°
� Y\^�

X1
p£g%gj^K�\�zw|�+ixpq�\�

V (I)
�z�\�B¥�Yu^�

I
psg²�-wx�@�hps��zo5p£�u^K�zo>¤OikYu^#gkf3gjik^K] p£g%gk��p£��ikn-l1^bpq� � I� � ¸

�I� � »âº>» �*� °:�¢��gkt\�|YV�K��gk^KgK¤@ixYu^#gjY\���5^bnz¨�ikYu^#o£^
¿hp£�n��@wx���uYups� Å wkÆ@lu�u^Kw²l\�@gjpsg²p£gZ�zo£¥Z��f3g�ikY\^~¨©n@oqo£n+¥�pq�\�
H



















f(X1) = 0
X2 = f2(X1)°°°
Xn = fn(X1)

.
¬Ê�@¯

��gbgkYun+¥��Tp£� DÜ�z� Fë¤Àpq¨CikYu^9gjfhgjik^K] p£g�pq�.gjY5�z�1^-�1n@gkpÁixpqn@�¦¤
gX1,1 = f ′

X1

�z�\�´¥²^mY\��ª�^
fX1 = f���\�

fi(X1) = gX1,Xi
(X1)gX1,1(X1) mod f

° XZY3t\gBixYu^ó� 5��d�@gkgknh�
ps�+ik^=�³¥�pÁixY
X1

�z�\�µikYu^
o£^
¿hps�
n@��w|�z�uYups� Å wkÆ@lu�u^Kw!l\��gkpsg~�zwx^�^=r@t\pqª+�zo£^�Oi~t\�,iknBixYu^�p£�3ª�^w|gkpqn@��n�¨

gX1,1 = f ′
X1

]�nh�htuo£n
fX1

°
�¢�MikYu^�wx^Kgjibn�¨�ixYu^��\�z�1^w#¥%^9�K�zo£o$ixYupsg#n�lhy{^=��i)���!�0(ë¾\n�wx] nz¨�ixYu^��
n@wkwx^Kgk�5n@�\�hp£�u�Bo£^
¿hps�
n��@wx���uYups�
Å wxÆ�l\�u^w%l\��gkpsg°:XZYu^)��5~�Np£g%¥%^o£oG«O�\n+¥��Bikn�l1^#]-t\�|Y�gj]��zo£o£^w%ikY\���VixYu^#oq^¿hp£�n���w|�z�\Yup£� Å wkÆ@lu�u^w
l5��gkp£g�p£�´�@^�u^Kwx��o�¬âixYup£g�]���f�l1^-^¿h�uo£��pq�\^K�,l3fVixYu^-p£�3ª�^Kwxgkpqn@��n�¨:ikYu^m�h^�un@]�pq�\�zikn@w|¯����\��ikY3t\g�¥�p£oqo
l1^-n@tuw~�\wkp£ª3pqo£pq�@pq^=�Tgjf3]ml5n@oqps��n@thik�utuiK°��~nzix^�ikY5�+i�pqi�psg�^K��gkf�iknV�|Yu^=�|«VixY\�+i#�Vgkfhg{ix^] p£g�pq�ûgjY\���5^
�1n@gkpqikp£n��ón��\�^�«O�\n+¥�pq�u�T�T��5~�0({}%���\�hps�u�+ix^,¬W�z�\� gkn�ikn´�|Yu^=�|«TikY5�+i

X1
gk^�\��wx�zik^Kg

V (I)
¯PHmpÁi�psg

�\^K�
^=gkgx�zwxfB�z�5��gkth§B�
p£^�Oi�ikY5�+i
fX1

p£g�gxrOt\�zwx^(>¨©wx^^�°
XZYu^=gj^-wk^=gjtuoqixg!Y\��ª�^)]��z�3f��uw|����ixp£�K�zo��uwx��¥�l\�@�|«hg%gkp£�\�
^@¤u¨©n�w�]�n@gji~wkn@l5n�ixgK¤hikY\^mgkf3gjik^K]�g�¥�Yups�|Y

]�nh�h^Ko$ixYu^��®#v �zwx^-p£�ûgkY\�z�1^9�5nOgjpqikp£n��¦° �.^9ikY3t\g#����´]-t\oÁixpq�uo£fTixYu^9gjikw|�+ix^�@pq^=g!¨©n@wb�n�]��uthixpq�u�
�Ègjf3]-l1n�o£ps�Tgjn@oqthixpqn@��Hûn@�u^M�K�z�µ�
n@]��uthik^´ikYu^M�~� (ë¾\n�wx] Å wxÆ�l\�u^wV�upqwx^K�
iko£fÇt\gkp£�u� D 4 F�n@w D£���PF
¨©n@w�^
¿u��]9�\oq^Bn@w�l3f.�|Y5�z�u�@^9n�¨�n�w|�h^wxpq�\�Toqp£«�^�p£� D � F²n@w-�´��5~� t\gkp£�u�TikY\^V�zo£��n@wkpqikYu]d¨©wkn@] DÜ�z�*F>°
}²Y\nOnOgjp£�u�mikYu^)wxp£��YOi!g{ixwx�zik^�@f�¥�pqo£o¦l1^)�\�zwki�nz¨'n�tuwZ^¿3�1^wxp£]9^K�Oix�zo¦gk^K�
ikp£n��¦°

���� �(1�� � � �41 � ��� �%� ��� � '61 � & ��� �8� ���(���������
}²n@]��uthikp£�u���m��5��µwx^K�ht\�^Kg²ikY\^bwx^Kgkn�o£thixpqn@�Bnz¨$� 
^Kwkn�(ë�upq]�^�5gjp£n��\��o5gkfhg{ix^] ikn�gkn�o£ªOp£�u�9n��u^��5n@oqf1(
�\n�]�p£��oCp£� n��u^�ª+�zwxps�zluo£^´¬

ft

¯)���\�.iknM^ª+�zo£t\�+ixpq�\�
n
w|�+ixpqn@�\�zo:¨©w|���
ikp£n��\gV¬ gt,Xi

(T )

gt,1(T ) , i = 1 . . . n
¯)�+i

pqixgZwxn3nzi|g)¬©�un�ik^bikY\�zi!pÁ¨'n��\^#gkp£]9�\oqfB¥Z�z�Oi|g%ikn��
n@]9�\thik^bikY\^)�Ot\]-l1^w�nz¨�wk^=�zoÀwxn3nzixg%n�¨�ikY\^�gjfhgjik^],¤
ixYu^wx^Zp£g��un#�u^K^K�-ikn)�
n@�\gkp£�h^Kw�ikYu^Zw|�+ikp£n��5�zoh�
n3n�w|�hp£�\�+ix^Kg|¯�°�XZYu^Z�u^
¿3i'ix�@gj«)psg�ikY3t\g'psg�ikn)�
n@]��uthik^���oqo

à©ñ�ò¦àâí
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ixYu^#wk^=�zoGwxnOn�ixg²nz¨$ikYu^)gkf3gjik^K] ¬Ê���\�Vn@�uo£f�ikYu^#wx^K��o5wxn3nzixg|¯�¤h�\wkn+ª3ps�hpq�\�m�m�Ot\]9^Kwkps���oÀ�z�u�uwxn�¿hpq]��zikp£n��
¥�pqikYT������wklupqikw|�zwxf��uwx^K�p£gkpqn@�û¬Wgj^i!lOfBikYu^)t\gk^w�¯²nz¨�ikYu^��n3n�w|�hpq�5�+ik^=g°

XZYu^9psgjn@o£�zikp£n��Tnz¨:ixYu^9wk^=�zo�wxn3nzi|g!nz¨
ft

��z�Tl1^��hn��u^mt\gkpq�u�VikYu^��zo£��n@wkpqikY\] �uwxn��1n@gk^K�,p£� DÜ� � F,H
ixYu^�n�tuik�uthi²¥�pqo£oul1^~�boqpsg{i

lft

nz¨Gp£�@ix^wxª+�zosg'¥�pÁixY�wx�zikp£n��\��ohl5n@tu�\�ugCgkt\�|Y9ikY5�+i:¨©n�w�^K���|Y9wx^K�zohwxn3nzi
α
n�¨

ft

¤�ikYu^Kwk^Z^¿3psgjixg:�#tu�upsrOtu^�p£�@ix^wxª+�zohp£�
lft

¥�Yups�|Y9�n��Oix��pq�\g
α
°:XZYu^!gk^K�
n@�\�9g{ix^���
n@�\gjpsgjixg'p£�9wx^
É5�upq�\�

^=���|Y�p£�Oik^Kwkª+�zo3p£�mn@wx�u^w$iknb^�\gktuwx^�ixY\�+i'pÁiC�hn3^=g$�\nzi:�
n��Oi|�zp£�m�z�3f#wx^K�zo3wxn3nzi$n�¨
gt,1

°:_3p£�\�
^
ft

���\�
gt,1��wk^��
n�(>�\wkp£]�^mixYupsg)�
n�]��utuix�+ixpqn@�óp£g#^=��gkfM�z�\�û¥%^mixYu^� �K�z�.^�\gktuwx^mixY\�+i)ixYu^�w|�+ikp£n��5�zo�¨©tu�\�
ikp£n��\g

�K�z� l1^V^Kª���oqt5�+ik^=� t\gkpq�\�´pq�Oix^wxª���o%��wkpqikY\]9^ikps�g-¥�pÁixYun�thi��z�3fó��z�5�
^o£os�+ikp£n�� n�¨�ikYu^��h^�\n�]�pq�5�+ikn@wK°
XZY\p£gbos��gjib^Kª���oqt5�+ikp£n��Mp£gb�1^wk¨©n�wx]9^=�Tt\gkpq�\��]mtuoÁixp�(ë�uwx^K�p£gkpqn@�M�zwxpqikYu]�^
ixp£�Kg�¬ÊaTv�¾����\���|«+�z�@^�( D �@�#F©¯�°
��gb¥²^9¥�pqo£oCgk^^9pq�MikYu^�^
¿h�1^wxpq]�^K�@i|g¤GixYu^9�uwk^=�
psgjp£n��û�u^^=�h^K�´¨©n�wbikY\^��n�]��uthi|�+ixpqn@�\g~psgb�5n3n@w#���\�À¤
]�n@wk^Kn+ª�^w=¤+ixYu^�w|�+ixpqn@�\�zou¨©tu�\��ixpqn@�\gZ�h^
É5�u^K�VlOf9ixYu^���5~�N�zwx^~gjix�zl\oq^�tu�\�h^Kw²�3tu]�^wxps��zo1^ª+��oqt\�zikp£n��¦¤
^Kª�^K�BpÁ¨$ikYu^KpqwZ�
n3^§��pq^K�OixgZ�zwx^~Y3tu�@^m¬©w|�+ixpqn@�\�zo1�3tu]-l1^w|g|¯�¤h�z�\�BikY3t\g²ikY\p£g%�\��wji%nz¨¦ixYu^b�n�]��uthi|�+ixpqn@�
psg)gjikp£oqoC^§B�
p£^�OiK°B¾\n�w)p£�\�
wx^K�@gjp£�u��ikYu^��uwx^K�p£gkp£n��.nz¨�ixYu^�wx^KgktuoÁi=¤�pqi�p£g#n@�uo£f´�u^K�^Kgxgk��wkf,ixnT�h^K�wk^=��gk^
ixYu^9oq^K�u�zixYMnz¨�ikYu^9pq�Oix^wxª���o£g�p£�

lft

¥�Yups�|Yû�K�z�M^=��gkpqo£f,l5^��hn@�u^ml3f,lupsgj^=��ixpqn@�Mn�wbt\gkpq�\�����
^wkikpqÉ\^=�
�~^¥Zixn�� � g��zo£��n�wxpqikYu],°ó�!nzix^VixY\�+i�psg-psg�rOtupÁix^Tgjp£]��uoq^�ikn.�
^KwjixpÁ¨©fóixYu^Tgjp£��� n�¨!ikY\^��nOn@wx�upq�\�zik^=g H
n@�u^�gjp£]��uo£f´Y\��g�ixn,�n�]��uthix^Bgjn@]�^m�O��ug�¬Ê�@��\g#nz¨�ixYu^��3tu]�^w|�+ikn@wxg#���\�Mn�¨

ft

¯b�z�5�ûgk�uo£pÁi=¤�¥�Yu^K�
�\^K�
^=gkgx�zwxf�ikY\^#��5��)°

� � �
���Z(���"���  ��������
�
�$"#�$�
���

XZY\^��n�]��uthi|�+ikp£n��¶nz¨b� Å wxÆ�l\�u^w9l\��gkpsgmpsg�ª�^Kwkf gk^�\gkpqikp£ª�^�ikn.ikYu^T��oq�@^luw|�zps�B^=r@t5�+ikp£n��5g-t\gk^K�Èikn
]�nh�h^Ko\ixYu^bb®#v'°3�¢��ikYupsgZgj^=��ixpqn@�¦¤@¥%^�gkYun+¥ Yun+¥¶ixnmwx^K�ht5�
^~gkpq�@�upqÉ5����@ixoqf9ixYu^��n�]��uthixpq�u�-ikp£]�^�l3f
]�nh�hpq¨©f3pq�u�9ixYu^�g{i|�z�\�\�zw|����oq�@^luw|�zps�~^=rOt\�+ixpqn@�\gZ�h^Kgx�
wxpql\pq�u�9ixYu^��®#v'°

����� � ������!(��1 !#�����4'6"$1 ��� &2'����(�������.�$� �
��^
i|gZpq�Oikwxnh�ht\�^�ixYu^)�un@]9^K�\�
os�+ixtuwx^bt5gj^=��p£��ikYupsg��\��wji H

: Rf

H'ikY\^)l\��gk^-}%�zwkik^Kgkps�z�Vwx^
¨©^Kwk^K�\�
^b¨©w|�z]�^#nz¨:�
^K�@ix^w
O
°

: Rm

H9ikYu^,}%�zwkik^Kgkps�z�ówk^¨©^wx^�\�^�¨©wx��]�^Bnz¨!�
^K�Oik^w
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1 0
0 R∈

]

whereR∈ isa rotation .
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